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Abstract
We investigate finite-N corrections to the superconformal indices of the
theories realized on M2- and M5-branes. For three-dimensional theories
realized on a stack of N M2-branes we calculate the finite-N corrections as
the contribution of extended M5-branes in the dual geometry AdS4 × S7.
We take only M5-brane configurations with a single wrapping into account,
and neglect multiple-wrapping configurations. We compare the results with
the indices calculated from the ABJM theory, and find agreement up to
expected errors due to the multiple wrapping. For six-dimensional theories
on N M5-branes we calculate the indices by analyzing extended M2-branes
in AdS7×S4. Again, we include only configurations with single wrapping.
We first compare the result for N = 1 with the index of the free tensor
multiplet to estimate the order of the error due to multiple wrapping.
We calculate first few terms of the index of AN−1 theories explicitly, and
confirm that they can be expanded by superconformal representations. We
also discuss multiple-wrapping contributions to the six-dimensional Schur-
like index.
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1 Introduction
In typical utilization of the AdS/CFT correspondence [1] we calculate quantities
in the boundary theory by using the gravity or string theory in the bulk. For this
to be possible it is necessary that the quantum gravitational effect is suppressed
because we do not have enough knowledge to carry out quantitative analysis
of quantum gravity. Due to this restriction the majority of works about the
AdS/CFT correspondence assume the large-N limit.
However, there is a possibility that some physical quantities in supersym-
metric theories are protected from the quantum gravity corrections and we can
perform an analysis on the gravity side even if N is finite. An example of such
a quantity is the BPS partition function of the four-dimensional N = 4 super-
symmetric Yang-Mills theory. It was shown in [2] that by geometric quantization
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of BPS configurations of D3-branes expanded in S5 we can reproduce the exact
BPS partition function for finite N .
Based on the result of [2] two of the authors proposed a prescription to calcu-
late the finite-N corrections to the superconformal index [3] of N = 4 SYM as the
contribution of D3-branes wrapped on topologically trivial cycles in S5 [4]. The
method was also applied to S-fold theories [5] and the consistency with the su-
persymmetry enhancement [6] was confirmed. Later, it was extended to orbifold
theories [7] and toric gauge theories [8], and it was found that the prescription
works at least for single-brane configurations. The contribution of multiple-brane
configurations was first calculated in [9] in the Schur limit, and the analytic result
in [10]
IN
I∞
∣∣∣∣
Schur
= 1 +
∞∑
n=1
cnq
nN+n2, cn = (−1)nN + 2n
n!
n−1∏
k=1
(N + k), (1)
was successfully reproduced.
For analysis of D3-brane configurations in AdS5×S5 there are three important
parameters: the AdS5 radius L, the S
5 radius r, and the D3-brane tension TD3.
Two dimensionless parameters defined with them are
L
r
= 1, V3r
4TD3 = N, (2)
where V3 = 2π
2 is the volume of the unit 3-sphere1. The ratio L/r is the unit of
the energy of Kaluza-Klein gravitons in S5 normalized by the AdS radius, and
on the boundary theory point of view it is interpreted as the scale dimension
of a free scalar field φ, which is 1 in the four-dimensional theory. The second
equation shows that the energy of a D3-brane wrapped around a large S3 ⊂ S5
is as N times as that of a unit Kaluza-Klein mode, and we identify the wrapped
brane with an operator like det φ. In the large-N limit such wrapped D3-branes
decouple while for finite N they are expected to contribute to the superconformal
index as finite-N corrections.
In the prescription proposed in [4, 9] the complete superconformal index is
given by
I = IKK
(
1 +
∑
C
ID3C
)
. (3)
IKK is the index of the supergravity Kaluza-Klein modes, which reproduces the
gauge theory index in the large-N limit [3]. C runs over a set of D3-brane
configurations. Each configuration consists of D3-branes wrapped around large
1The volume of the unit n-sphere Vn is given for small n by V2 = 4pi, V3 = 2pi
2, V4 =
8pi
2
3
,
V5 = pi
3, V6 =
16pi
3
15
, and V7 =
pi
4
3
.
2
S
3 in S5. ID3C consists of two factors; ID3C = IgroundC IexcitationsC . The factor IgroundC
gives the classical contribution from wrapped D3-branes without fluctuations.
If C consists of n wrapped D3-branes it is proportional to qnN , where q is the
fugacity associated with the energy. The other factor IexcitationsC is the index of
the theory realized on the configuration C. If C consists of a single D3-brane the
theory is free U(1) supersymmetric gauge theory and the index is given by
IexcitationsC = Pexp iD3C , (4)
where iD3C is the single-particle index of the fluctuation modes on the brane. Pexp
is the plethystic exponential defined as follows. Let f be a function of fugacities
given as a formal power series
f =
∑
n
cnxn, (5)
where xn are products of fugacities and cn are integer coefficients. Then, the
plethystic exponential of f is defined by
Pexp f =
∏
n
(1− xn)−cn. (6)
Because a large S3 is a topologically trivial cycle in S5 and a D3-brane
wrapped around such a cycle is shrinkable there exist tachyonic modes with neg-
ative energy on C consisting of such branes. The treatment of such tachyonic
modes is a key point to calculate the finite-N corrections. A simple analysis shows
that on a single wrapped D3-brane there is one tachyonic mode and its energy is
−1 in the unit of L−1. Correspondingly, the single-particle index i includes the
term q−1. (We set other fugacities to be 1.) With the definition (6) the plethystic
exponential of this negative-power term is
Pexp(q−1) =
1
1− q−1 = −
q
1− q . (7)
Interestingly, this factor increases the order of the index by 1 and changes the
overall sign of the correction. Although these facts are against intuition the
corrections calculated in this way agree with known results.
An interpretation of the correction is as follows. In the large-N limit the
complete index is reproduced by the Kaluza-Klein index IKK. If N is finite
we should consider giant gravitons [11] instead of the supergravity Kaluza-Klein
modes. An important difference from the supergravity index is the existence of
the upper bound of the size of giant gravitons. Namely, the finite-N index is
obtained by somehow subtracting contributions of high momentum modes that
do not have corresponding giant gravitons. The negative correction including the
factor (7) is interpreted as the absence of giant gravitons of large momenta.
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If there are δ tachyonic modes they raise the order of the correction by δ. The
interesting exponent nN + n2 in (1) can be interpreted as the effect of δ = n2
tachyonic modes on the configuration with n D3-branes [9]. In the following we
call the shift δ of the order of a correction “the tachyonic shift.”
The purpose of this paper is to apply the same idea to the theories on M2-
branes and M5-branes. The BPS partition functions of these theories were cal-
culated in [12], and were reproduced by the geometric quantization of M5- and
M2-branes, respectively, in the same reference. We extend their analysis to the
superconformal indices according to the prescription in [4].
This paper is organized as follows. In Section 2, we investigate the finite-N
corrections of the M2-brane theories. We first derive the formula for the finite-
N corrections induced by a single wrapped M5-brane. We compare the results
obtained by the formula with the index of ABJM theory with k = 1 [13], and find
nice agreement. We also consider Zk orbifolds corresponding to the ABJM theory
with the Chern-Simons level k = 2 and 3. The comparison of the gravitational
analysis and localization formula again find nice agreement.
In Section 3, we consider the finite-N corrections of the 6d N = (2, 0) theo-
ries. We first derive the formula for the finite-N corrections induced by a single
wrapped M2-brane, and estimate the error due to the multiple wrapping by us-
ing N = 1 case. Then, we calculate the index of AN−1 theories by using the
formula. As a consistency check we confirm that they are expanded by indices of
superconformal irreducible representations. We also consider the Schur-like limit
of the index and discuss multiple wrapping contributions.
In Section 4, we summarize the results and discuss some extensions.
In Appendices we show some technical detailks and results that we do not
show in the main text.
2 3d N = 8 superconformal theories
The three-dimensional N = 8 superconformal theory realized on a stack of N
coincident M2-branes is described by the ABJM theory with Chern-Simons level
k = 1 [13]. The gravity dual is the M-theory in the AdS4 × S7 background.
The AdS4 radius Lˆ, the S
7 radius rˆ, and the M5-brane tension TM5 satisfy the
relations
Lˆ
rˆ
=
1
2
, V5rˆ
6TM5 = N. (8)
(We use hats for distinction from similar symbols used in the next section, in
which we will use checked symbols.) With these relations we can easily see that
the energy of a maximum giant M5-brane has energy N/2. This fact suggests
that such wrapped M5-branes correspond to baryonic type operators in the ABJM
theory [13].
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In this section we investigate the fluctuations on such a wrapped M5-brane
and calculate the finite-N corrections to the superconformal index. We compare
the results with the index obtained by using localization formula. We will focus on
configurations consisting of a single wrapped M5-brane, and we will not consider
configurations with multiple wrapped M5-branes.
2.1 Superconformal index
The 3d N = 8 superconformal algebra is Aˆ = osp(8|4), whose bosonic subalgebra
is so(2, 3)× so(8) ⊂ Aˆ. There are six Cartan generators
Hˆ, Jˆ12, Rˆ12, Rˆ34, Rˆ56, Rˆ78. (9)
The Hamiltonian Hˆ and the spin Jˆ12 are Cartan generator of so(2, 3) and the
other four are Cartan generators of the R-symmetry so(8). To define the su-
perconformal index we choose one complex supercharge Qˆ that carries specific
Cartan charges. We take the one with the following quantum numbers:
Qˆ : (Hˆ, Jˆ12; Rˆ12, Rˆ34, Rˆ56, Rˆ78) = (+12 ,−12 ; +12 ,+12 ,+12 ,+12). (10)
The subalgebra of Aˆ that keeps the chosen supercharge Qˆ intact is
Bˆ × u(1)∆ˆ ⊂ Aˆ, (11)
where Bˆ = osp(6|2) is the superalgebra whose bosonic subalgebra is sl(2,R) ×
so(6). The central factor u(1)∆ˆ is generated by
∆ˆ = {Qˆ, Qˆ†} = Hˆ − Jˆ12 − 1
2
(Rˆ12 + Rˆ34 + Rˆ56 + Rˆ78). (12)
The superconformal index associated with the BPS bound ∆ˆ ≥ 0 is defined as
the Bˆ character by2
I(qˆ, uˆi) = tr[(−1)F xˆ∆ˆqˆHˆ+Jˆ12uˆRˆ121 uˆRˆ342 uˆRˆ563 uˆRˆ784 ], uˆ1uˆ2uˆ3uˆ4 = 1. (13)
Due to the Bose-Fermi degeneracy for ∆ˆ > 0 this does not depend on xˆ.
2.2 Wrapped M5-branes
In the large-N limit the superconformal index is reproduced by the Kaluza-Klein
modes in AdS4 × S7. The Kaluza-Klein index IKK is given by IKK = Pexp iKK,
where iKK is the single-particle index [14]
iKK =
(1− qˆ 32 uˆ−11 )(1− qˆ
3
2 uˆ−12 )(1− qˆ
3
2 uˆ−13 )(1− qˆ
3
2 uˆ−14 )
(1− qˆ 12 uˆ1)(1− qˆ 12 uˆ2)(1− qˆ 12 uˆ3)(1− qˆ 12 uˆ4)(1− qˆ2)2
− 1− qˆ
2 + qˆ4
(1− qˆ2)2 . (14)
2The fugacities used here are related to those in Section 2 of [14] by qˆ = x, uˆ1 = y
− 1
2
1
y
1
2
2
y
1
2
3
,
uˆ2 = y
1
2
1
y
− 1
2
2
y
1
2
3
, uˆ3 = y
1
2
1
y
1
2
2
y
− 1
2
3
, and uˆ4 = y
− 1
2
1
y
− 1
2
2
y
− 1
2
3
.
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The corresponding boundary theory is the ABJM theory with the Chern-Simons
level k = 1. The full index of the ABJM theory including the contribution of
monopole operators was calculated in [15], and the agreement of the ABJM index
in the large-N limit IABJMN=∞ and this Kaluza-Klein index IKK was confirmed.
Based on the idea in [4] we propose the following equation for the finite-N
index
IABJMN = IKK
(
1 +
∑
C
IM5C
)
. (15)
The second term in the parentheses in (15) gives the finite-N corrections due to
wrapped M5-branes. C runs over “the representative configurations” of wrapped
M5-branes specified in the following, and IM5C is the contribution of each config-
uration C.
We determine the representative configurations C by a preliminary analysis
of a rigid M5-brane, an M5-brane wrapped on a large S5 in S7. Let us introduce
complex coordinates za (a = 1, 2, 3, 4) to describe the S
7 by
∑4
a=1 |za|2 = 1. The
R-symmetry su(4) ⊂ Bˆ acts on these coordinates in the natural way. For a rigid
M5-brane to be BPS with respect to the chosen supercharge Qˆ the worldvolume
must be given by the holomorphic equation [16]
c1z1 + c2z2 + c3z3 + c4z4 = 0, (16)
were ca are homogeneous coordinates in P
3. The collective motion of the M5-
brane can be treated as a particle in the moduli space P3. By the analysis of the
coupling of the brane and the background flux we find the wave function Ψ of a
rigid M5-brane is a section of the line bundle O(N) over P3. We can give Ψ as a
homogeneous function of the coordinates ca of degree N . States described by such
wave functions belong to the su(4) representation with Dynkin labels [N, 0, 0].
On the gauge theory side these states are identified with baryonic type opera-
tors in the ABJM theory[13]. The corresponding index is qˆ
1
2
Nχ[N,0,0](uˆa), where
χ[a,b,c](uˆa) is the su(4) character of the representation [a, b, c]. The characters of
the fundamental and the anti-fundamental representations are given by
χ[1,0,0](uˆ) = uˆ1 + uˆ2 + uˆ3 + uˆ4, χ[0,0,1](uˆ) = uˆ
−1
1 + uˆ
−1
2 + uˆ
−1
3 + uˆ
−1
4 . (17)
Now let us remember the Weyl’s character formula. It gives q
1
2
Nχ[N,0,0](ua)
as the sum:
qˆ
1
2
Nχ[N,0,0](uˆa) =
qˆ
1
2
N uˆN4
(1− uˆ1
uˆ4
)(1− uˆ2
uˆ4
)(1− uˆ3
uˆ4
)
+ (permutations)
= qˆ
1
2
N uˆN4 Pexp
(
uˆ1
uˆ4
+
uˆ2
uˆ4
+
uˆ3
uˆ4
)
+ (permutations), (18)
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where “permutations” represents three terms obtained from the first term by
cyclic permutations of uˆa. From the quantum mechanical point of view, the first
term can be interpreted as the partition function of the system with the ground
state qˆ
1
2
N uˆN4 and three bosonic excitations uˆ1/uˆ4, uˆ2/uˆ4, and uˆ3/uˆ4. We define
the representative configuration as the M5-brane corresponding to the ground
state. For the first term in (18) it is given by z4 = 0. Corresponding to the
other terms obtained by the permutations there are three more representative
configurations za = 0 (a = 1, 2, 3).
The main idea in [4] is that we can obtain the finite-N corrections to the
index by ornamenting the Weyl’s formula (18) with all other fluctuation modes by
replacing the zero-mode contribution uˆ1/uˆ4+uˆ2/uˆ4+uˆ3/uˆ4 by the complete single-
particle index of the theory on the worldvolume of the M5-brane. In addition,
to obtain the complete corrections, we need to take account of representative
configurations including more than one branes [9]. Namely, the general form of
C is given by
C : zn11 z
n2
2 z
n3
3 z
n4
4 = 0, na ∈ Z≥0, (n1, n2, n3, n4) 6= (0, 0, 0, 0), (19)
where a multiple zero is understood as coincident branes. (n1, n2, n3, n4) =
(0, 0, 0, 0) is excluded because it corresponds to the first term in the parentheses
in (15). The contribution of each configuration C is factorized into two fac-
tors IgroundC and IexcitationsC . Each wrapped brane contributes N/2 to the energy
(in the unit of Lˆ−1) and the ground state of C includes the factor qˆ
1
2
nN with
n = n1 + n2 + n3 + n4. IgroundC is given as the product of the ground state
contribution of each brane:
IgroundC = qˆ
1
2
nN uˆn1N1 uˆ
n2N
2 uˆ
n3N
3 uˆ
n4N
4 . (20)
IexcitationsC is the contribution of excitations on C. If n ≥ 2 the theory on C is
interacting and it is not so easy to calculate IexcitationsC . In this work we only
consider four configurations with n = 1 given by za = 0 (a = 1, 2, 3, 4). Then,
the theory on C is free and IexcitationsC is given by
Iexcitationsza=0 = Pexp iM5za=0, (21)
where iM5za=0 is the single-particle index of the fluctuation modes on the worldvol-
ume of an M5-brane wrapped on za = 0.
Let us calculate the single-particle index iM5za=0 for each representative config-
uration. In the following we consider the configuration z4 = 0. The other three
are obtained by the permutations of the fugacities uˆa. We start with the analysis
of the scalar modes. If we neglect the self-dual potential field and fermion fields
on the worldvolume the M5-brane action is given as the sum of the Nambu-Goto
action SNG and the Chern-Simons term SCS:
SNG = −TM5
∫
d6σ
√
− detGab, SCS =
∫
A6, (22)
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where Gab is the induced metric and A6 is the background 6-form potential sat-
isfying dA6 = (2πN/V7)vol(S
7). We use the following AdS4 × S7 metric:
ds2 = Lˆ2(− cosh2 ρdtˆ2 + dρ2 + sinh2 ρdΩ22) + rˆ2(cos2 θdΩ25 + dθ2 + sin2 θdφ2).
(23)
We consider an M5-brane wrapped on R × S5 defined by ρ = θ = 0. There
are 5 scalar fields corresponding to transverse directions of the M5-brane: three
in AdS4 and two in S
7. To describe fluctuations in AdS4 we introduce a three-
dimensional unit vector n and rewrite dΩ22 as dn
2. We define fluctuation fields
by
X = ρn, z = θeiφ. (24)
By neglecting higher order terms and using the relations in (8) we obtain
SNG + SCS =
N
2π3
∫
dtˆdΩ5
[
− 1 + 1
2
(∂tˆX)
2 − 1
8
(∇X)2 − 1
2
X
2
+ 2|∂tˆz|2 −
1
2
|∇z|2 + 5
2
|z|2 + 3i(−z∗∂tˆz + z∂tˆz∗)
]
, (25)
where ∇ is the derivative on the unit S5. The constant term gives the energy
E = 1
2
N of the wrapped M5-brane. By solving the equations of motion we can
easily obtain the spectrum of fluctuation modes. (See Table 1.) We have six
Table 1: Scalar fluctuation modes on an M5-brane wrapped on z4 = 0. ℓ =
0, 1, 2, . . . is the angular momentum on S5.
fields Jˆ12 so(6) Rˆ78 Hˆ
X 0,±1 [0, ℓ, 0] 0 (ℓ+ 2)/2
z 0 [0, ℓ, 0] +1 (ℓ+ 5)/2
z∗ 0 [0, ℓ, 0] −1 (ℓ− 1)/2
zero-modes of z∗ at ℓ = 1 and three of them are BPS. They correspond to three
excitations uˆ1/uˆ4, uˆ2/uˆ4, and uˆ3/uˆ4 appearing in the Weyl’s formula (18). We
also have one BPS tachyonic mode of z∗ at ℓ = 0.
A few comments on the tachyonic mode are in order. First, the existence of
the tachyonic mode does not cause the instability of the system. The tachyonic
mode carries the R-charge Rˆ78 = −1, and a tachyonic particle is always created
together with an anti-particle with Rˆ78 = +1. As is shown in Table 1 such
an anti-larticle, which corresponds to the ℓ = 0 mode of z, carries the energy
E = 5/2, and the pair creation raises the total energy of the system. Another
comment is about the consistency with the BPS bound. Ordinary, a particle with
8
negative energy is against the BPS bound E ≥ 0. In the theory on the wrapped
brane, however, we do not have such a bound. An M5-brane wrapped on z4 = 0
breaks the half supersymmetries. Among 32 supercharges only 16 that commute
with the generator
Zˆ = Hˆ − Rˆ78 (26)
are preserved. The algebra of the preserved symmetry is
Cˆ × u(1)Zˆ , Cˆ = su(2|4). (27)
The central factor u(1)Zˆ is generated by Zˆ. The bosonic subalgebra of Cˆ is
so(3)× so(6)× u(1) generated by
Jˆij (i, j = 1, 2, 3), Rˆab (a, b = 1, . . . , 6), Cˆ ≡ Hˆ − 1
2
Rˆ78. (28)
The fluctuation modes on the M5-brane form a representation of the unbroken
algebra Cˆ. The Hamiltonian Hˆ appears in Cˆ only through Cˆ, and the bound
obtained from the algebra is not Hˆ ≥ 0 but Cˆ ≥ 0. The tachyonic mode satutates
this bound.
In principle, we can calculate the complete single-particle index iM5za=0 by car-
rying out the mode expansion of the tensor and the fermion fields. However, there
is an easy way to obtain the index from the known 6d superconformal index of
the tensor multiplet.
We are interested in the theory of a tensor multiplet living on R × S5, the
worldvolume of a wrapped M5-brane. This system is similar to the system of a
tensor multiplet living on the boundary of AdS7. In the next section we investi-
gate the six-dimensional system living on the AdS boundary R × S5, on which
the (2, 0) superconformal algebra Aˇ acts. The two free theories, the theory on a
wrapped M5-brane in AdS4 × S7 and the theory on the boundary of AdS7, are
in fact the same theory, at least at the linearized level, and we can obtain the
index of the former from the index of the latter by a simple variable change of
fugacities.
We first establish the relation between the symmetry algebras. Namely, we
need to find an isomorphism between the unbroken algebra on the wrapped M5-
brane (27) and a subalgebra of Aˇ. There is an ambiguity of the choice of the
subalgebra of Aˇ. A convenient one is the symmetry (93) realized on a wrapped
M2-brane studied in the next section. It is isomorphic to (27);
Cˆ × u(1)Zˆ ≃ Cˇ × u(1)Zˇ . (29)
The explicit relations between the two sets of the bosonic generators are as follows.
Jˇij = Rˆij (i, j = 1, . . . , 6), Rˇa+2,b+2 = Jˆab (a, b = 1, 2, 3),
Zˇ = 2Zˆ, Cˇ = 2Cˆ. (30)
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We can relate two systems not only at the level of the symmetry but also at
the level of the Lagrangians. The boundary metric of AdS7 is
ds2 ∝ −dtˇ2 + dΩ25. (31)
For distinction from tˆ used in (25) we use tˇ for the time coordinate. The La-
grangian of the five scalar fields φI (I = 1, . . . , 5) living on this background is
L ∝
5∑
I=1
[
(∂tˇφI)
2 − (∇φI)2 − 4φ2I
]
, (32)
where the last term is the conformal coupling to the background curvature. We
simply relate the triplet fields by X ∝ (φ3, φ4, φ5), while in the relation between
z and φ1,2 we need to apply the time-dependent phase rotation
z ∝ e−3itˇ(φ1 + iφ2), (33)
corresponding to the relation of two Hamiltonians 2Hˆ = Hˇ−3Rˇ12 obtained from
the last two equations in (30). In addition, we rescale the time coordinate by
tˆ = 2tˇ to match the background metric (31) and the metric on the wrapped
M5-brane
ds2 = rˆ2
(
−1
4
dtˆ2 + dΩ25
)
(34)
obtained from (23) by the restriction ρ = θ = 0. Then, we obtain the Lagrangian
in (25) from (32).
We can extend the relations (30) to fermionic generators. An important fact
is that the supercharges used to define the superconformal indices on two sides
are related by
Qˇ =
√
2Qˆ†, (35)
and the relation ∆ˇ = 2∆ˆ immediately follows from this. This implies that the
superconformal indices defined on two sides are essentially the same. Indeed, we
can rewrite the six-dimensional index (82) to the three-dimensional index (13) by
using the map (30) and the variable change
qˇ = qˆ
3
8 uˆ
− 1
4
4 , yˇ1 = uˆ1uˆ
1
3
4 , yˇ2 = uˆ2uˆ
1
3
4 , yˇ3 = uˆ3uˆ
1
3
4 , uˇ = qˆ
− 5
4 uˆ
− 1
2
4 . (36)
Applying the variable change (36) to the index iM5bdr in (100) of the free tensor
multiplet we obtain the following single-particle index for the excitations on an
M5-brane wrapped on z4 = 0:
iM5z4=0 =
qˆ−
1
2 uˆ−14 − qˆuˆ−14 (uˆ−11 + uˆ−12 + uˆ−13 ) + qˆ
3
2 uˆ−14 + qˆ
2
(1− qˆ 12 uˆ1)(1− qˆ 12 uˆ2)(1− qˆ 12 uˆ3)
=
1
qˆ
1
2 uˆ4
+
uˆ1 + uˆ2 + uˆ3
uˆ4
+ · · · . (37)
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The first few terms in the expansion correspond to the tachyonic modes and rigid
motion modes obtained in the analysis of scalar fluctuations.
2.3 Comparison with known results
In the last subsection we obtained the following hypothetical formula
IABJMN = IgravN +O(qˆ
1
2
(2N+δ)), (38)
where the first term in the right-hand side is defined by
IgravN := IKK
(
1 +
4∑
a=1
qˆ
1
2
N uˆNa Pexp i
M5
za=0
)
, (39)
and the second term O(qˆ 12 (2N+δ)) is the expected error due to the neglect of
the multiple-wrapping configurations with the tachyonic shift δ. Based on the
experience in the D3-brane case we expect δ is independent of N , and this is
directly confirmed below for small N .
Let us first give the results on the gauge theory side. If N = 1 we do not
have to use the ABJM theory. Instead, we can use free theory of scalar fields and
fermions living on an M2-brane. The index is given by IABJMN=1 = Pexp iM2bdr with
the single-particle index [14]
iM2bdr =
qˆ
1
2χ[1,0,0](uˆ)− qˆ 32χ[0,0,1](uˆ)
1− qˆ2 . (40)
For N ≥ 2 we need to use the ABJM theory with the Chern-Simons level
k = 1, and sum up contributions of monopole operators according to [15]. See
Appendix A for the explicit formula. The results for N = 1, 2, 3 are
IABJMN=1 |uˆ=1 = 1 + 4qˆ
1
2 + 10qˆ + 16qˆ
3
2 + 19qˆ2 + 20qˆ
5
2 + 26qˆ3 + 40qˆ
7
2 + 49qˆ4
+O(qˆ 92 ), (41)
IABJMN=2 |uˆ=1 = 1 + 4qˆ
1
2 + 20qˆ + 56qˆ
3
2 + 139qˆ2 + 260qˆ
5
2 + 436qˆ3 + 640qˆ
7
2 + 954qˆ4
+ 1420qˆ
9
2 + 2076qˆ5 +O(qˆ 112 ), (42)
IABJMN=3 |uˆ=1 = 1 + 4qˆ
1
2 + 20qˆ + 76qˆ
3
2 + 239qˆ2 + 644qˆ
5
2 + 1512qˆ3 + 3100qˆ
7
2 + 5743qˆ4
+ 9856qˆ
9
2 + 16182qˆ5 + 25988qˆ
11
2 + 40764qˆ6 +O(qˆ 132 ). (43)
In this section we only show the results with uˆa = 1 for readability. Refer to
Appendix B for the full expressions.
Let us first compare these results with the Kaluza-Klein index
IKK|uˆ=1 = 1 + 4qˆ 12 + 20qˆ + 76qˆ 32 + 274qˆ2 +O(qˆ 52 ). (44)
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We find the finite-N corrections appear at qˆ
1
2
(N+1). These are consistent with the
contributions of a single wrapped brane with one tachyonic mode. (39) gives the
following results for N = 1, 2, 3.
IgravN=1|uˆ=1 = 1 + 4qˆ
1
2 + 10qˆ + 16qˆ
3
2 + 19qˆ2 + 20qˆ
5
2 + 26qˆ3 + 40qˆ
7
2 + 5769qˆ4
+O(qˆ 92 ), (45)
IgravN=2|uˆ=1 = 1 + 4qˆ
1
2 + 20qˆ + 56qˆ
3
2 + 139qˆ2 + 260qˆ
5
2 + 436qˆ3 + 640qˆ
7
2 + 954qˆ4
+ 1420qˆ
9
2 + 15518qˆ5 +O(qˆ 112 ), (46)
IgravN=3|uˆ=1 = 1 + 4qˆ
1
2 + 20qˆ + 76qˆ
3
2 + 239qˆ2 + 644qˆ
5
2 + 1512qˆ3 + 3100qˆ
7
2 + 5743qˆ4
+ 9856qˆ
9
2 + 16182qˆ5 + 25988qˆ
11
2 + 70079qˆ6 +O(qˆ 132 ). (47)
We find nice agreement. The error appears at the order qˆ
1
2
(2N+δ) with δ = 6.
As is expected δ is N -independent. At present we have no explanation for this
specific value of δ.
2.4 Zk orbifold
It is easy to extend our formula (39) to the orbifold AdS4 × S7/Zk with k ≥ 2
defined by the orbifold action
(z1, z2, z3, z4)→ (ωkz1, ωkz2, ω−1k z3, ω−1k z4), ωk ≡ exp
2πi
k
. (48)
On the gauge theory side this is described by the ABJM theory with the Chern-
Simons level k ≥ 2.
The Kaluza-Klein contribution IZkKK is given by
IZkKK = PexpPkiKK, (49)
where Pk is the Zk projection operator defined for a function g of su(4) fugacities
uˆa by
Pkg(uˆ1, uˆ2, uˆ3, uˆ4) = 1
k
k−1∑
i=0
g(ωikuˆ1, ω
i
kuˆ2, ω
−i
k uˆ3, ω
−i
k uˆ4). (50)
The representative configurations C are given by (19), and again we focus on
the four single-wrapping configurations za = 0 (a = 1, 2, 3, 4). Due to the Zk
orbifolding, the worldvolume of the M5-brane becomes S5/Zk, and the excitation
is described by the projected single-particle index PkiM5za=0. Then, the projected
index IM5za=0 is given by
IM5za=0 = qˆ
1
2
N uˆNa PexpPkiM5za=0. (51)
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Because of the non-trivial five-cycle homologyH5(S
7/Zk) = Zk we can classify
states by the topological wrapping number B ∈ Zk of M5-branes, and we can
calculate the index for each sector with specific B. If a configuration C is given by
equation h(z) = 0 the function h(z) must have a specific Zk charge for consistency
with the Zk orbifolding. Namely, it must satisfy
h(ωkz1, ωkz2, ω
−1
k z3, ω
−1
k z4) = ω
B
k h(z1, z2, z3, z4) (52)
with some B ∈ Zk. Then, B is the topological wrapping number of the world-
volume. Among the four representative configurations with n = 1, z1 = 0 and
z2 = 0 carry B = +1, and z3 = 0 and z4 = 0 carry B = −1.
On the ABJM theory side k is the Chern-Simons level, and a wrapped M5-
brane with B 6= 0 corresponds to a baryonic operator carrying Zk baryonic charge
B. In the ABJM theory with the gauge group U(N)k × U(N)−k this baryonic
symmetry is a part of gauge symmetry, and baryonic operators are not gauge
invariant. In order to calculate the index with the contribution of baryonic opera-
tors we need to use the ABJM theory with the gauge group (U(N)k×U(N)−k)/Zk
where the Zk quotient acts on the diagonal U(1) symmetry [17, 18]. In the index
calculation this quotient changes the quantization of monopole charges.
The index of ABJM theory is calculated by summing up contribution of dif-
ferent monopole charges [15]. The monopole charges are labeled by 2N GNO
charges: (m1. . . . , mN ) for U(N)k and (m˜1, . . . , m˜N) for U(N)−k. In the U(N)k×
U(N)−k theory all charges are integers, while in the (U(N)k×U(N)−k)/Zk theory
the quantization condition is given by
mα, m˜α ∈ Z+ B
k
, B ∈ Zk. (53)
The index of the B = 0 sector is the same as the index of the U(N)k × U(N)−k
ABJM theory, while B 6= 0 sector gives the index for baryonic operators, which
corresponds to the contribution of M5-branes with topological wrapping number
B on the gravity side.
In the following we calculate the indices for k = 2 and k = 3 on both sides of
the duality, and confirm the agreement up to the expected order of qˆ. We use the
notations IABJM(B/k)N and Igrav(B/k)N for the indices calculated on the two sides of
the duality.
2.4.1 k = 2
In the case of k = 2 there are two sectors labeled by B ∈ Z2.
Let us first calculate the index of the B = 0 sector. The indices for N = 1, 2, 3
13
are
IABJM(0/2)N=1 |uˆ=1 = 1 + 10qˆ + 19qˆ2 +O(qˆ3), (54)
IABJM(0/2)N=2 |uˆ=1 = 1 + 10qˆ + 75qˆ2 + 220qˆ3 +O(qˆ4), (55)
IABJM(0/2)N=3 |uˆ=1 = 1 + 10qˆ + 75qˆ2 + 450qˆ3 + 1595qˆ4 +O(qˆ5). (56)
Let us compare these with the Kaluza-Klein contribution.
IZ2KK|uˆ=1 = 1 + 10qˆ + 75qˆ2 + 450qˆ3 + 2365qˆ4 +O(qˆ5). (57)
We find the corrections appear at order qˆ
1
2
(2N+2). They are interpreted as contri-
butions of two-brane configurations, which belong to the B = 0 sector. Hence, it
exceeds our scope.
Next, let us consider the index of B = 1 sector:
IABJM(1/2)N=1 |uˆ=1 = 4qˆ
1
2 + 16qˆ
3
2 + 20qˆ
5
2 + 40qˆ
7
2 + 40qˆ
9
2 +O(qˆ 112 ), (58)
IABJM(1/2)N=2 |uˆ=1 = 10qˆ + 65qˆ2 + 220qˆ3 + 455qˆ4 + 1060qˆ5 + 1645qˆ6 +O(qˆ
13
2 ), (59)
IABJM(1/2)N=3 |uˆ=1 = 20qˆ
3
2 + 164qˆ
5
2 + 780qˆ
7
2 + 2500qˆ
9
2 + 6300qˆ
11
2 + 15720qˆ
13
2
+ 30496qˆ
15
2 +O(qˆ8). (60)
On the gravity side we need to consider wrapped M2-brane with B = 1.
Because B is Z2-valued B = +1 and B = −1 are identified, and all four configu-
rations za = 0 (a = 1, 2, 3, 4) contribute to the index;
Igrav(1/2)N = IZ2KK
4∑
a=1
qˆ
1
2
N uˆNa PexpP2iM5za=0. (61)
The results for N = 1, 2, 3 are
Igrav(1/2)N=1 |uˆ=1 = 4qˆ
1
2 + 16qˆ
3
2 + 20qˆ
5
2 + 40qˆ
7
2 − 1500qˆ 92 +O(qˆ5), (62)
Igrav(1/2)N=2 |uˆ=1 = 10qˆ + 65qˆ2 + 220qˆ3 + 455qˆ4 + 1060qˆ5 − 7210qˆ6 +O(qˆ
13
2 ), (63)
Igrav(1/2)N=3 |uˆ=1 = 20qˆ
3
2 + 164qˆ
5
2 + 780qˆ
7
2 + 2500qˆ
9
2 + 6300qˆ
11
2 + 15720qˆ
13
2
− 12008qˆ 152 +O(qˆ8). (64)
In all cases the leading term is of order qˆ
1
2
N , and there is no tachyonic shift.
This is because the Z2 projection removes the tachyonic term from the single-
particle index. This is consistent with the fact that the branes are wrapped
on topologically non-trivial cycles. The error between the ABJM index and (61)
appears at qˆ
1
2
(3N+6). This is consistent with the fact that only brane configuration
with odd n contribute to the index of the B = 1 sector and the error is due to
n = 3 configurations.
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2.4.2 k = 3
The Zk orbifolding with k ≥ 3 breaks the N = 8 supersymmetry down to N = 6.
We consider k = 3 case and there are three sectors specified by B ∈ Z3. Let
us first consider the B = 0 sector. The ABJM index is given for N = 1, 2, 3 as
follows.
IABJM(0/3)N=1 |uˆ=1 = 1 + 4qˆ + 8qˆ
3
2 + qˆ2 +O(qˆ 52 ), (65)
IABJM(0/3)N=2 |uˆ=1 = 1 + 4qˆ + 8qˆ
3
2 + 12qˆ2 + 40qˆ
5
2 + 58qˆ3 +O(qˆ 72 ), (66)
IABJM(0/3)N=3 |uˆ=1 = 1 + 4qˆ + 8qˆ
3
2 + 12qˆ2 + 40qˆ
5
2 + 82qˆ3 + 132qˆ
7
2 + 303qˆ4
+O(qˆ 92 ). (67)
Let us compare these with the Kaluza-Klein index
IZ3KK|uˆ=1 = 1 + 4qˆ + 8qˆ
3
2 + 12qˆ2 + 40qˆ
5
2 + 82qˆ3 + 132qˆ
7
2 + 348qˆ4 +O(qˆ 92 ). (68)
We find the corrections at qˆ
1
2
(2N+2). We can interpret these corrections as the
contributions of brane configurations with n = 2 consisting of a brane with
B = +1 and another brane with B = −1.
Next, let us consider baryonic sectors with B = ±1. These two sectors are
related by the charge conjugation symmetry B → −B we focus only on the
B = +1 sector. The ABJM index is given as follows for N = 1, 2, 3.
IABJM(1/3)N=1 |uˆ=1 = 2qˆ
1
2 + 3qˆ + 4qˆ
3
2 + 9qˆ2 +O(qˆ 52 ), (69)
IABJM(1/3)N=2 |uˆ=1 = 3qˆ + 6qˆ
3
2 + 14qˆ2 + 32qˆ
5
2 + 51qˆ3 +O(qˆ 72 ), (70)
IABJM(1/3)N=3 |uˆ=1 = 4qˆ
3
2 + 9qˆ2 + 24qˆ
5
2 + 65qˆ3 + 126qˆ
7
2 + 215qˆ4 +O(qˆ 92 ). (71)
On the gravity side we take only two single-wrapping configurations z1 = 0 and
z2 = 0 into account because the other two carry B = −1.
Igrav(1/3)N = IZ3KK
2∑
a=1
qˆ
1
2
N uˆNa PexpP3iM5za=0. (72)
The results for N = 1, 2, 3 are
Igrav(1/3)N=1 |uˆ=1 = 2qˆ
1
2 + 3qˆ + 4qˆ
3
2 − qˆ2 +O(qˆ 52 ), (73)
Igrav(1/3)N=2 |uˆ=1 = 3qˆ + 6qˆ
3
2 + 14qˆ2 + 32qˆ
5
2 + 36qˆ3 +O(qˆ 72 ), (74)
Igrav(1/3)N=3 |uˆ=1 = 4qˆ
3
2 + 9qˆ2 + 24qˆ
5
2 + 65qˆ3 + 126qˆ
7
2 + 194qˆ4 +O(qˆ 92 ). (75)
We find errors at qˆ
1
2
(2N+2). We can interpret them as the contribution of n = 2
configurations with B = −2 ≈ +1.
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3 6d N = (2, 0) superconformal theories
In this section we consider six-dimensional N = (2, 0) superconformal theories
realized on a stack of M5-branes. The gravity dual is M-theory in AdS7 × S4.
The AdS7 radius Lˇ, the S
4 radius rˇ, and the M2-brane tension TM2 satisfy the
following relations similar to (2) and (8):
Lˇ
rˇ
= 2, V2rˇ
3TM2 = N. (76)
The ratio Lˇ/rˇ = 2 gives the dimension of a free scalar field in six-dimension, and
the second relation suggests that wrapped M2-branes in S4 are responsible for
the finite-N corrections in the superconformal index.
3.1 Superconformal index
The six-dimensional N = (2, 0) superconformal algebra is Aˇ := osp(8∗|4), whose
bosonic subalgebra is
so(2, 6)× so(5) ⊂ Aˇ. (77)
There are six Cartan generators:
Hˇ, Jˇ12, Jˇ34, Jˇ56, Rˇ12, Rˇ34. (78)
To define the superconformal index we need to choose one complex supercharge
Qˇ carrying specific Cartan charges. We take the one with the quantum numbers
Qˇ : (Hˇ, Jˇ12, Jˇ34, Jˇ56; Rˇ12, Rˇ34) = (+12 ,−12 ,−12 ,−12 ; +12 ,+12). (79)
The subalgebra that keeps Qˇ intact is
Bˇ × u(1)∆ˇ, (80)
where Bˇ = osp(6|2) is the superalgebra whose bosonic subalgebra is su(1, 3) ×
su(2) ⊂ Bˇ. The central factor u(1)∆ˇ is generated by
∆ˇ ≡ {Qˇ, Qˇ†} = Hˇ − (Jˇ12 + Jˇ34 + Jˇ56)− 2(Rˇ12 + Rˇ34). (81)
We define the superconformal index associated with the BPS bound ∆ˇ ≥ 0 as
the Bˇ character by3
I(qˇ, yˇa, uˇ) = tr[(−1)F xˇ∆ˇqˇHˇ+ 13 (Jˇ12+Jˇ34+Jˇ56)yˇJˇ121 yˇJˇ342 yˇJˇ563 uˇRˇ12−Rˇ34 ], yˇ1yˇ2yˇ3 = 1.
(82)
Due to the Bose-Fermi degeneracy for ∆ˇ > 0 this does not depend on xˇ.
3The fugacities qˇ, yˇi, and uˇ are related to those used in Section 3 of [14] by qˇ = x
3, yˇ1 = y1,
yˇ2 = y
−1
1
y2, yˇ3 = y
−1
2
, and uˇ = z
1
2
16
3.2 Wrapped M2-branes
Let I(2,0)N be the superconformal index of the theory realized on the stack of
N M5-branes. The large-N limit I(2,0)N=∞ is given by the Kaluza-Klein index of
AdS7 × S4. It is given by IKK = Pexp iKK with the single-particle index [14]
iKK =
qˇ2χ1(uˇ)− qˇ 83χ[0,1](yˇ) + qˇ 163 χ[1,0](yˇ)− qˇ6χ1(uˇ)
(1− uˇqˇ2)(1− uˇ−1qˇ2)(1− yˇ1qˇ 43 )(1− yˇ2qˇ 43 )(1− yˇ3qˇ 43 )
, (83)
where χm(uˇ) is the su(2) character of the spin m/2 representation
χm(uˇ) =
uˇm+1 − uˇ−m−1
uˇ− uˇ−1 = uˇ
m + · · ·+ uˇ−m, (84)
and χ[a,b](yˇ) is the su(3) character of the representation with Dynkin labels [a, b].
χ[1,0] for the fundamental representation and χ[0,1] for the anti-fundamental rep-
resentation are
χ[1,0](yˇ) = yˇ1 + yˇ2 + yˇ3, χ[0,1](yˇ) = yˇ
−1
1 + yˇ
−1
2 + yˇ
−1
3 . (85)
For the theory on a finite number of M5-branes we propose the formula
I(2,0)N = IKK
(
1 +
∑
C
IM2C
)
. (86)
IM2C is the contribution of an M2-brane configuration C. The sum of C runs over
representative configurations, which are determined shortly in a parallel way to
the three-dimensional case. Let us introduce Cartesian coordinates x1, . . . , x5 and
describe S4 by
∑5
a=1 x
2
a = 1. We also introduce the complex coordinates
z1 = x1 + ix2, z2 = x3 + ix4. (87)
The subalgebra su(2) ⊂ so(5) of the R-symmetry commuting with Qˇ transforms
these complex coordinates as a doublet. For a rigid M2-brane wrapped on a large
S
2 in S4 to preserve the supersymmetry Qˇ, the M2-brane worldvolume must be
given by the holomorphic equation [16]
a1z1 + a2z2 = 0, (88)
where (a1, a2) are homogeneous coordinates of the moduli space P
1 of the rigid
brane. Due to the coupling to the background flux the wave function Ψ of the
rigid brane is a section of O(N) line bundle over P1. Namely, Ψ can be given as
a homogeneous polynomial of (a1, a2) of degree N . There are N +1 such linearly
independent polynomials belonging to the (N +1)-dimensional representation of
su(2) acting on P1. The corresponding index is
qˇ2NχN(uˇ) =
qˇ2N uˇN
1− uˇ−2 +
qˇ2N uˇ−N
1− uˇ2 . (89)
17
As in the case of wrapped M5-branes the two terms are interpreted as the con-
tribution of two representative configurations of M2-brane, z1 = 0 and z2 = 0,
respectively. The general representative configurations are given in the form
C : zn11 z
n2
2 = 0, n1, n2 ∈ Z≥0, (n1, n2) 6= (0, 0), (90)
and the corresponding contribution IM2C is given by
IM2C = qˇ2nN uˇ(n1−n2)NIexcitationsC , (91)
where n = n1 + n2. For C with n ≥ 2 it is difficult to calculate IexcitationsC , while
for n = 1 configurations za = 0 (a = 1, 2) the theory on the wrapped brane is
free and given by Iexcitationsza=1 = Pexp iM2za=0, where iM2za=0 is the single-particle index
on an M2-brane wrapped on za = 0.
Let us consider an M2-brane wrapped on S2 ⊂ S4 on z1 = 0. Among 32
supercharges only 16 that commute with
Zˇ = Hˇ − Rˇ12 (92)
are preserved by the wrapped brane. The superconformal algebra Aˇ is broken to
so(2)Zˇ × Cˇ, Cˇ = su(4|2), (93)
where so(2)Zˇ is the central factor generated by Zˇ. The bosonic subalgebra su(4)×
su(2)× u(1) ⊂ Cˇ is generated by
Jˇij (i, j = 1, . . . , 6), Rˇab (a, b = 3, 4, 5), Cˇ ≡ Hˇ − 2Rˇ12. (94)
As is explained in the last section this is isomorphic to the symmetry preserved
by a wrapped M5-brane in (27). By using the isomorphism map (30), we can
obtain iM2z1=0 from i
M2
bdr in (40) by a simple variable change. The inverse of (36) is
qˆ = qˇuˇ−
1
2 , uˆ1 = qˇ
5
6 yˇ1uˇ
1
4 , uˆ2 = qˇ
5
6 yˇ2uˇ
1
4 , uˆ3 = qˇ
5
6 yˇ3uˇ
1
4 , uˆ4 = qˇ
− 5
2 uˇ−
3
4 , (95)
and by substituting these relations into (40) we obtain
iM2z1=0 =
qˇ−2uˇ−1 − qˇ 23 uˇ−1χ[0,1](yˇ) + qˇ 43χ[1,0](yˇ)− qˇ4
1− qˇ2uˇ−1 . (96)
The index iM2z2=0 for the other configuration z2 = 0 is obtained from (96) by the
Weyl reflection uˇ→ uˇ−1.
It is of course possible to calculate the index directly by the mode expansion
of fields on the wrapped brane. We show the results for scalar fields in Table 2.
There is one BPS tachyonic mode with Hˇ = −2 and one BPS zero mode. These
correspond to the first two terms in the qˇ expansion of iM2z1=0:
iM2z1=0 =
1
qˇ2uˇ
+
1
uˇ2
+ · · · . (97)
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Table 2: Scalar modes on an M2-brane wrapped on z1 = 0. ℓ = 0, 1, 2, . . . is the
orbital angular momentum in S2. States with (R12, R34) = (−1, ℓ) saturate the
BPS bound Hˇ ≥ 2(Rˇ12 + Rˇ34).
so(6) Rˇ12 Rˇ34 Hˇ
6 0 −ℓ ∼ ℓ 2ℓ+ 1
1 +1 −ℓ ∼ ℓ 2ℓ+ 4
1 −1 −ℓ ∼ ℓ 2ℓ− 2
3.3 Results and consistency check
The formula for the finite-N corrections is
I(2,0)N = IgravN +O(qˇ2(2N+δ)), (98)
where IgravN includes the Kaluza-Klein contribution and the contribution of single
wrapping M2-branes, and the second term is the contribution of multiple wrap-
ping configurations, which we do not calculate in this paper. δ is the tachyonic
shift of configurations with n = 2. The explicit form of IgravN is
IgravN = IKK
(
1 + qˇ2N uˇN Pexp iM2z1=0 + qˇ
2N uˇ−N Pexp iM2z2=0
)
. (99)
Let us first consider the N = 1 case. In this case, the six-dimensional theory
is the free theory of a single tensor multiplet. The single-particle index of the
tensor multiplet is [14]
iM5bdr =
qˇ2χ1(uˇ)− qˇ 83χ[0,1](yˇ) + qˇ4
(1− qˇ 43 yˇ1)(1− qˇ 43 yˇ2)(1− qˇ 43 yˇ3)
. (100)
The index for N = 1 theory is given by I(2,0)N=1 = Pexp iM5bdr, and its qˇ-expansion is
I(2,0)N=1 = 1 + χuˇ1 qˇ2 − χ[0,1]qˇ
8
3 + χuˇ1χ[1,0]qˇ
10
3 + (χuˇ2 − χ[1,1])qˇ4 + χuˇ1(χ[2,0] − χ[0,1])qˇ
14
3
+ ((χuˇ2 + 2)χ[1,0] − χ[2,1])qˇ
16
3 + (χuˇ3 + χ
uˇ
1(−2χ[1,1] + χ[3,0] − 1))qˇ6
+ (−(χuˇ2 − 2)χ[0,1] + χ[1,2] + 2χuˇ2χ[2,0] + 2χ[2,0] − χ[3,1])qˇ
20
3
+ (χuˇ3χ[1,0] + χ
uˇ
1(−χ[0,2] − 3χ[2,1] + χ[4,0]))qˇ
22
3
+ (χuˇ4 + χ[0,3] + 2χ[1,1] + χ[2,2] − χuˇ2(χ[1,1] − 2χ[3,0] + 1) + 4χ[3,0] − χ[4,1] − 2)qˇ8
+ (χuˇ1(2χ[0,1] − χ[1,2] + χ[2,0] − 4χ[3,1] + χ[5,0])− χuˇ3(χ[0,1] − 2χ[2,0]))qˇ
26
3
+ (−2χ[0,2] + (−χuˇ2 + χuˇ4 − 3)χ[1,0] + χ[1,3] − 3χuˇ2χ[2,1] + 2χ[2,1] + 2χ[3,2]
+ 3χuˇ2χ[4,0] + 4χ[4,0] − χ[5,1])qˇ
28
3
+ (χuˇ5 − χuˇ3(χ[1,1] − 3χ[3,0] + 1) + χuˇ1(χ[0,3] + 6χ[1,1] − χ[2,2] + 3χ[3,0] − 5χ[4,1]
+ χ[6,0] − 1))qˇ10 +O(qˇ 553 ). (101)
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We use the simplified notations χuˇm = χm(uˇ) and χ[a,b] = χ[a,b](yˇ). On the other
hand, the formula (99) with N = 1 gives
IgravN=1 = 1 + χuˇ1 qˇ2 − χ[0,1]qˇ
8
3 + χ[1,0]χ
uˇ
1 qˇ
10
3 +
(
χuˇ2 − χ[1,1]
)
qˇ4 +
(
χ[2,0] − χ[0,1]
)
χuˇ1 qˇ
14
3
+
(
χ[1,0]
(
χuˇ2 + 2
)− χ[2,1]) qˇ 163 + ((−2χ[1,1] + χ[3,0] − 1)χuˇ1 + χuˇ3) qˇ6
+
(
2χ[2,0]χ
uˇ
2 − χ[0,1]
(
χuˇ2 − 2
)
+ χ[1,2] + 2χ[2,0] − χ[3,1]
)
qˇ
20
3
+
(−χ[0,2]χuˇ1 − 3χ[2,1]χuˇ1 + χ[4,0]χuˇ1 + χ[1,0]χuˇ3) qˇ 223
+
(
2χ[3,0]χ
uˇ
2 − χ[1,1]
(
χuˇ2 − 2
)
+ χ[0,3] + χ[2,2] + 4χ[3,0] − χ[4,1] − χuˇ2 + χuˇ4 − 2
)
qˇ8
+
(−χ[1,2]χuˇ1 + χ[2,0]χuˇ1 − 4χ[3,1]χuˇ1 + χ[5,0]χuˇ1 + χ[0,1] (2χuˇ1 − χuˇ3)+ 2χ[2,0]χuˇ3) qˇ 263
+
(−3χ[2,1]χuˇ2 + 3χ[4,0]χuˇ2 + χ[1,0] (−χuˇ2 + χuˇ4 − 3)
−2χ[0,2] + χ[1,3] + 2χ[2,1] + 2χ[3,2] + 4χ[4,0] − χ[5,1]
)
qˇ
28
3
+
( (
χ[0,3] + 6χ[1,1] − χ[2,2] + 3χ[3,0] − 5χ[4,1] + χ[6,0] − 1
)
χuˇ1
− (χ[1,1] − 3χ[3,0] + 1)χuˇ3)qˇ10 +O(qˇ 323 ). (102)
We find nice agreement. The error appears at order qˇ10. This means the tachyonic
shift δ = 3. Although we have no interpretation of this value of δ, let us assume
that this is N -independent as in the 3d and 4d cases.
The first few terms for N ≥ 2 are
IgravN≥2 = 1 + χuˇ1 qˇ2 − χ[0,1]qˇ
8
3 + χ[1,0]χ
uˇ
1 qˇ
10
3 +
(
2χuˇ2 − χ[1,1]
)
qˇ4 +
(
χ[2,0] − 2χ[0,1]
)
χuˇ1 qˇ
14
3
+
(
χ[1,0]
(
2χuˇ2 + 3
)− χ[2,1]) qˇ 163 +O(qˇ6). (103)
Finite-N correction should appear at q2(N+1), and the range shown in (103) is
the same as the supergravity approximation IKK. The second term χu1q2 is the
contribution of the primary operators in the free tensor multiplet. The term
χu2 qˇ
4 is the contribution of the stress-tensor multiplet. The coefficient 2 of the
term suggests that the theory has two stress-energy tensors. Namely, the system
consists of two decoupled theories. One is the free theory of the tensor multiplet,
and the other is the interacting theory called the AN−1 theory.
By removing the contribution of the free tensor multiplet we obtain the index
of the AN−1 theory:
IAN−1 =
I(2,0)N
I(2,0)N=1
. (104)
20
Explicit forms of IAN−1 for small N obtained by using (99) are as follows.
IA1 = 1 + χuˇ2 qˇ4 − χ[0,1]χuˇ1 qˇ
14
3 + χ[1,0]
(
χuˇ2 + 1
)
qˇ
16
3 − (χ[1,1] + 1)χuˇ1 qˇ6
+
(
χ[2,0]
(
χuˇ2 + 1
)
+ χ[0,1]
)
qˇ
20
3 − (χ[1,0] + χ[2,1])χuˇ1 qˇ
22
3
+
(
χ[3,0]
(
χuˇ2 + 1
)
+ χ[1,1] + χ
uˇ
4
)
qˇ8 +
(−χ[2,0]χuˇ1 − χ[3,1]χuˇ1 − χ[0,1]χuˇ3) qˇ 263
+
(
χ[4,0]
(
χuˇ2 + 1
)
+ χ[1,0]
(
2χuˇ2 + χ
uˇ
4
)
+ χ[2,1]
)
qˇ
28
3
+
(−χ[1,1](χuˇ1 + 2χuˇ3)− χ[3,0]χuˇ1 − χ[4,1]χuˇ1 − 2χuˇ1 − χuˇ3) qˇ10
+O(qˇ 323 ). (105)
IA2 = 1 + χuˇ2 qˇ4 − χ[0,1]χuˇ1 qˇ
14
3 + χ[1,0]
(
χuˇ2 + 1
)
qˇ
16
3 +
(
χuˇ3 − (χ[1,1] + 1)χuˇ1
)
qˇ6
+
(
χ[2,0]
(
χuˇ2 + 1
)− χ[0,1] (χuˇ2 − 1)) qˇ 203
+
(
χ[1,0]χ
uˇ
3 − χ[2,1]χuˇ1
)
qˇ
22
3 +
(−χ[1,1] (χuˇ2 − 1)+ χ[3,0] (χuˇ2 + 1)− χuˇ2 + χuˇ4) qˇ8
+
(
(χ[2,0] − χ[0,1])χuˇ3 − χ[3,1]χuˇ1
)
qˇ
26
3
+
(−χ[2,1] (χuˇ2 − 1)+ 2χ[1,0]χuˇ2 + χ[4,0]χuˇ2 + χ[1,0]χuˇ4 + χ[0,2] + χ[4,0]) qˇ 283
+
(−2χ[1,1](χuˇ1 + χuˇ3)− χ[4,1]χuˇ1 + χ[3,0]χuˇ3 − 3χuˇ1 − χuˇ3 + χuˇ5) qˇ10
+O(qˇ 323 ). (106)
IA3 = 1 + χuˇ2 qˇ4 − χ[0,1]χuˇ1 qˇ
14
3 + χ[1,0]
(
χuˇ2 + 1
)
qˇ
16
3 +
(
χuˇ3 − (χ[1,1] + 1)χuˇ1
)
qˇ6
+
(
χ[2,0]
(
χuˇ2 + 1
)− χ[0,1] (χuˇ2 − 1)) qˇ 203
+
(
χ[1,0]χ
uˇ
3 − χ[2,1]χuˇ1
)
qˇ
22
3 +
(−χ[1,1] (χuˇ2 − 1)+ χ[3,0] (χuˇ2 + 1)− χuˇ2 + 2χuˇ4) qˇ8
+
(
(χ[2,0] − 2χ[0,1])χuˇ3 − χ[3,1]χuˇ1
)
qˇ
26
3
+
(−χ[2,1] (χuˇ2 − 1)+ 3χ[1,0]χuˇ2 + χ[4,0]χuˇ2 + 2χ[1,0]χuˇ4 + χ[0,2] + χ[4,0]) qˇ 283
+
(−χ[1,1](2χuˇ1 + 3χuˇ3)− χ[4,1]χuˇ1 + χ[3,0]χuˇ3 − 3χuˇ1 − 2χuˇ3 + χuˇ5) qˇ10
+O(qˇ 323 ). (107)
IA≥4 = 1 + χuˇ2 qˇ4 − χ[0,1]χuˇ1 qˇ
14
3 + χ[1,0]
(
χuˇ2 + 1
)
qˇ
16
3 +
(
χuˇ3 − (χ[1,1] + 1)χuˇ1
)
qˇ6
+
(
χ[2,0]
(
χuˇ2 + 1
)− χ[0,1] (χuˇ2 − 1)) qˇ 203
+
(
χ[1,0]χ
uˇ
3 − χ[2,1]χuˇ1
)
qˇ
22
3 +
(−χ[1,1] (χuˇ2 − 1)+ χ[3,0] (χuˇ2 + 1)− χuˇ2 + 2χuˇ4) qˇ8
+
(
(χ[2,0] − 2χ[0,1])χuˇ3 − χ[3,1]χuˇ1
)
qˇ
26
3
+
(−χ[2,1] (χuˇ2 − 1)+ 3χ[1,0]χuˇ2 + χ[4,0]χuˇ2 + 2χ[1,0]χuˇ4 + χ[0,2] + χ[4,0]) qˇ 283
+
(−χ[1,1](2χuˇ1 + 3χuˇ3)− χ[4,1]χuˇ1 + χ[3,0]χuˇ3 − 3χuˇ1 − 2χuˇ3 + 2χuˇ5) qˇ10
+O(qˇ 323 ). (108)
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We gave the above qˇ-expansion up to qˇ10 terms. The error in IAN−1 estimated
with δ = 3 is qˇ2(2N+3), and all terms shown above are expected to be correct.
As far as we are aware there are no explicit results in the literature which
can be compared with these results. As a consistency check, let us expand these
results by indices of superconformal representations. It is guaranteed by con-
struction that (99) can be expanded by characters of the bosonic subalgebra
su(3)× su(2). However, it is non-trivial if it can be expanded by the indices of
superconformal representations. The results are as follows.
IA1 = 1 +D[2, 0] +D[4, 0] + B[2, 0]0 +O(qˇ
32
3 ), (109)
IA2 = 1 +D[2, 0] +D[3, 0] +D[4, 0] +D[0, 4] + B[2, 0]0 +D[5, 0]
+ D[3, 2] +O(qˇ 323 ), (110)
IA3 = 1 +D[2, 0] +D[3, 0] + 2D[4, 0] +D[0, 4] + B[2, 0]0 +D[5, 0]
+ D[3, 2] +D[1, 4] +O(qˇ 323 ), (111)
IA≥4 = 1 +D[2, 0] +D[3, 0] + 2D[4, 0] +D[0, 4] + B[2, 0]0 + 2D[5, 0]
+ D[3, 2] +D[1, 4] +O(qˇ 323 ). (112)
See Appendix C for the index of each irreducible representation. We exploited
the notation for representations used in [19] to denote the corresponding indices.
These results support the correctness of the formula (99). In addition, the ex-
pansion of IA1 seems to be exceptionally simple. In particular, as was pointed
out in [19] the D[0, 4] representation is absent in the A1 theory.
3.4 Schur-like index
As shown in (90) a generic representative configuration consists of M2-branes
wrapped on two cycles z1 = 0 and z2 = 0. We can simplify the problem by taking
a special limit in which only one of these two cycles, say, z1 = 0, contributes to
the index. For M2-branes wrapped on z2 = 0 not to contribute to the index we
need to tune the fugacities so that an extra supersymmetry which is broken by
the M2-brane wrapped on z2 = 0 is preserved by the definition of the index (82).
The single particle index iM2z2=0 includes −qˇ
2
3 uˇχ[0,1](yˇ), which is the Weyl re-
flection of the second term in the numerator of (96), and it consists of three
terms
−qˇ 23 uˇχ[0,1](yˇ) = −qˇ 23 uˇyˇ−11 − qˇ
2
3 uˇyˇ−12 − qˇ
2
3 uˇyˇ−13 . (113)
These three terms correspond to Nambu-Goldstone fermions associated with the
breaking of supersymmetry due to the presence of the wrapped brane. Let us
focus on the first term corresponding to the supercharge Qˇ′ with the quantum
22
numbers 4
Qˇ′ : (Hˇ, Jˇ12, Jˇ34, Jˇ56, Rˇ12, Rˇ34) = (+12 ,−12 ,+12 ,+12 ,+12 ,−12). (114)
To make the definition of the index (82) respect this supercharge we impose the
following condition on the fugacities.
qˇ
2
3 uˇyˇ−11 = 1. (115)
Then the first term in (113) becomes −1, and its plethystic exponential vanishes.
As the result, only configurations consisting of M2-branes wrapped on z1 = 0
contribute to the index. We adopt the following parametrization of fugacities
satisfying (115) (and yˇ1yˇ2yˇ3 = 1).
qˇ = qˇ′xˇ′, yˇ1 = qˇ
′ 2
3 xˇ′−
4
3 , yˇ2 = qˇ
′− 1
3 xˇ′
2
3 yˇ, yˇ3 = qˇ
′− 1
3 xˇ′
2
3 yˇ−1, uˇ = xˇ′−2. (116)
New fugacities qˇ′, xˇ′, yˇ are unconstrained variables. With this specialization the
index (82) becomes
I˜(qˇ′, yˇ) = tr[(−1)F xˇ∆ˇxˇ′∆ˇ′ qˇ′Hˇ+Jˇ12 yˇJˇ34−Jˇ56], (117)
where
∆ˇ′ = {Qˇ′, Qˇ′†} = Hˇ − (Jˇ12 − Jˇ34 − Jˇ56)− 2(Rˇ12 − Rˇ34). (118)
(117) is nothing but the Schur-like index studied in [20]. 5 In fact, the analytic
result of the index for M5-brane theories was obtained from five-dimensional
U(N) SYM [21, 20]:
I˜(2,0)N = Pexp
[
qˇ′2 + qˇ′4 + · · ·+ qˇ′2N
1− qˇ′2
]
=
N∏
k=1
∞∏
m=0
1
1− qˇ′2(k+m)
= I˜(2,0)N=∞
∞∏
k=0
∞∏
m=0
(1− qˇ′2N qˇ′2(k+m+1)). (119)
By expanding this with respect to qˇ′2N we obtain
I˜(2,0)N = I˜(2,0)N=∞
(
1 +
∞∑
n=1
qˇ′2nNFn(qˇ
′)
)
, (120)
4The Zk symmetry (48) acts on the first two terms and the last term in different ways and
this causes inequality between the third one and the others. We should not take the third term
to define the Schur-like limit because the corresponding supercharge is non-perturbative in the
sense that it is not manifest in the ABJM Lagrangian and is generated dynamically.
5The fugacities in this paper are related to those in [20] by qˇ′ = q
1
2 and yˇ = s.
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where Fn(qˇ
′) are rational functions of qˇ′. The functions for n = 1, 2, 3 are
F1(qˇ
′) =
−qˇ′2
(1− qˇ′2)2 = −qˇ
′2 − 2qˇ′4 − 3qˇ′6 − · · · , (121)
F2(qˇ
′) =
2qˇ′6
(1− qˇ′2)2(1− qˇ′4)2 = 2qˇ
′6 + 4qˇ′8 + 10qˇ′10 + · · · , (122)
F3(qˇ
′) =
−qˇ′10 − 4qˇ′12 − qˇ′14
(1− qˇ′2)2(1− qˇ′4)2(1− qˇ′6)2 = −qˇ
′10 − 6qˇ′12 − 14qˇ′14 − · · · . (123)
Let us compare (120) with the hypothetical relation (86), which reduces in
the Schur-like limit to the following relation:
I˜(2,0)N (qˇ′, yˇ) = I˜KK
(
1 +
∞∑
n=1
qˇ′2nN I˜M2n (qˇ′, yˇ)
)
, (124)
where I˜M2n is the Schur-like index of the theory realized on a stack of nM2-branes
wrapped around the cycle z1 = 0. The agreement in the large-N limit is easily
confirmed:
I˜(2,0)N=∞ = Pexp
qˇ′2
(1− qˇ′2)2 = I˜KK. (125)
The agreement of finite-N corrections requires
I˜M2n (qˇ′, yˇ) = Fn(qˇ′) n = 1, 2, 3, . . . . (126)
For n = 1, the single-wrapping contribution, we can easily confirm (126) by using
the Schur-like limit of iM2z1=0 in (96)
i˜M2z1=0 =
1
qˇ′2
+ qˇ′2. (127)
For n ≥ 2 we expect that Fn is the index of the ABJM theory realized on S2 ⊂ S4.
It is straightforward to write down the integral form if the index. A non-trivial
point is how we should choose the integration contours. Although at present we
have not completely understood it we found that with a certain prescription we
can reproduce the first few terms in F2 and F3. See Appendix A for details.
4 Summary and Discussions
In this paper we investigated the superconformal index of theories on M2-branes
and M5-branes using the AdS/CFT correspondence. We proposed formulas that
give finite-N corrections to the superconformal indices of these theories as the
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Table 3: Results of the comparison for the ABJM theory. k, B, and N are
the Chern-Simons level, the baryonic charge, and the rank of the gauge group.
The column “single” shows the orders of the correction due to single-wrapping
configurations. The column “multiple” shows the orders of the errors due to
multiple-wrapping configurations.
k B N single multiple
1 - 1, 2, 3 qˆ
1
2
(N+1) qˆ
1
2
(2N+6)
2 0 1, 2, 3 - qˆ
1
2
(2N+2)
2 1 1, 2, 3 qˆ
1
2
N qˆ
1
2
(3N+6)
3 0 1, 2, 3 - qˆ
1
2
(2N+2)
3 1 1, 2, 3 qˆ
1
2
N qˆ
1
2
(2N+2)
contribution of wrapped M-branes. We only included single-wrapping brane con-
figurations, and the contributions of multiple branes are left for future work.
For M2-brane theories we proposed the formula (39). We compared the results
with the results of direct calculation using the ABJM theory. The results of the
comparison are summarized in Table 3. We found complete agreement up to
errors due to multiple branes. It would be difficult to calculate the contribution
of multiple wrapping on the gravity side because we need to deal with multiple
M5-branes. Conversely, it may be possible to obtain some information about
multiple M5-branes from the higher order corrections in the ABJM index. For
example, we found that δ does not depend on N at least for N = 1, 2, 3. This may
suggest that the theory on multiple M5-brane does not couple to the background
flux.
For M5-brane theories we proposed the formula (99). We determined the
tachyonic shift δ = 3 by using the result for N = 1. Under the assumption of
N -independence of δ, the multiple brane contributions are of order qˇ2(2N+3), and
our formula should give correct index below the order. We showed the explicit
form of the index up to order qˇ10. As a consistency check we confirmed that the
indices can be decomposed into the contributions of superconformal irreducible
representations. In particular, the decomposition of A1 theory is exceptionally
simple, and it seems to match the expectation that the A1 theory is the minimal
N = (2, 0) theory.
There are some proposals about the superconformal index of the (2, 0) theo-
ries. The index was related to the partition function or index of five-dimensional
supersymmetric Yang-Mills theories in [22, 21], and a relation to topological
strings was investigated in [23]. It is important task to compare their results and
ours.
We also discussed the Schur-like limit of the 6d superconformal index, for
which an analytic formula is known. We reported the preliminary result that
with a certain prescription for pole selection we could reproduce the first few
25
terms of multiple-wrapping contributions F2 and F3 in (122) and (123).
We constructed the formulas by extending the Weyl’s character formula. It
would be interesting to search for an algebraic structure behind our formulas. If
there exist a large algebra which includes creation and annihilation operators of
not only fluctuation modes on wrapped branes but also wrapped branes them-
selves then it might be possible to regard the whole spectrum of a boundary
theory as an irreducible representation of such an algebra.
There are many ways of extension. We can consider more general 3d and
6d theories whose gravity duals are known. For example, it is easy to extend
the formula to Chern-Simons quiver gauge theories realized on M2-branes in
toric Calabi-Yau fourfolds and 6d N = (1, 0) theories realized on M5-branes in
orbifolds. It is also important problem to derive the explicit formula for the
multiple brane contributions, together with the pole selection rules in the gauge
fugacity integral. We hope we could return these issues in near future.
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A Index of the ABJM theory
In Section 2 we calculated the superconformal index of the ABJM theory as the
boundary theory. The index is given by summing up contributions of monopole
sectors, which are labeled by monopole charges quantized by
mα, m˜α ∈ Z+ B
k
. (128)
The contribution from each monopole sector is given by
Imα,m˜α =
1
(N !)2
N∏
α=1
∫
dζα
2πiζα
N∏
α=1
∫
dζ˜α
2πiζ˜α
×
∏
α,β qˆ
|mα−m˜β |−
1
2
|mα−mβ |−
1
2
|m˜α−m˜β |∏N
α=1 ζ
kmα
α ζ˜
−km˜α
α
Pexp i, (129)
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where i is the single-particle index
i(qˆ, uˆi; ζa, ζ˜b) = −
∑
α6=β
qˆ|mα−mβ |
ζα
ζβ
−
∑
α6=β
qˆ|m˜α−m˜β |
ζ˜α
ζ˜β
+
N∑
α,β=1
qˆ|mα−m˜β |
1− qˆ2
[
qˆ
1
2 (uˆ1 + uˆ2)− qˆ 32 (uˆ−13 + uˆ−14 )
] ζα
ζ˜β
+
N∑
α,β=1
qˆ|mα−m˜β |
1− qˆ2
[
qˆ
1
2 (uˆ3 + uˆ4)− qˆ 32 (uˆ−11 + uˆ−12 )
] ζ˜β
ζα
. (130)
The gauge fugacity integral gives non-vanishing value only if the monopole charges
satisfy
mtot :=
N∑
α=1
mα =
N∑
α=1
m˜α. (131)
In Section 3 we discussed Schur-like index of the theory on M2-branes wrapped
on the cycle z1 = 0. The integral form giving the Schur-like index of each
monopole sector I˜mα,m˜α is obtained from (129) by setting k = 1 and the variable
change
qˆ = qˇ′xˇ′2, uˆ1 = qˇ
′ 3
2 xˇ′−1, uˆ2 = qˇ
′ 1
2 xˇ′yˇ, uˆ3 = qˇ
′ 1
2 xˇ′yˇ−1, uˆ4 = qˇ
′− 5
2 xˇ′−1. (132)
These are compositions of (95) and (116). The single-particle index (130) reduces
to
i˜(qˇ′, xˇ′; ζα, ζ˜α) =−
∑
α6=β
qˆ|mα−mβ |
ζα
ζβ
−
∑
α6=β
qˆ|m˜α−m˜β |
ζ˜α
ζ˜β
+
N∑
α,β=1
qˆ|mα−m˜β |
(
qˇ′2
ζα
ζ˜β
+ qˇ′−2
ζ˜β
ζα
)
, (133)
where we leave qˆ to keep the expression simple. As expected this is yˇ-independent.
Although the Schur-like index must be xˇ′-independent the single-particle index
depends on xˇ′ through qˆ = qˇ′xˇ′2. This is because the above formula is derived
by deforming the Lagrangian by Qˇ-exact terms, which does not respect the extra
supercharge Qˇ′ used in the definition of the Schur-like index.
If we regard I˜ma,m˜a as a function of qˇ′ and qˆ, we can easily factor out the
qˇ′-dependence by the replacement
ζα → qˇ′−1ζα, ζ˜α → qˇ′ζ˜α, (134)
and obtain
I˜mα,m˜α = qˇ′2mtot × (function of qˆ). (135)
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Furthermore, the xˇ′-independence of the Schur-like index guarantees that the
function of qˆ is in fact a qˆ-independent constant.
In order to carry out the gauge fugacity integrals we need to choose integration
contours. Although we have not yet completely understood how we should do it,
we found a prescription that reproduces the known results after some trial and
error. We express the integrand as the expansion
∞∑
k=0
qˇ′k
∑
l
xˇ′lfk,l(ζα, ζ˜α). (136)
Namely, we first expand the integrand with respect to qˇ′, and then expand the
result with respect to xˇ′. The coefficients fk,l are Laurant polynomials of the
gauge fugacities. The integration over gauge fugacities is equivalent to picking
up the terms independent of gauge fugacities form each fk,l. For each monopole
sector the gauge integral leaves only terms of the form qˇ′2mtot xˇ′0. We confirmed
that by the summation over monopole sectors the first few terms of F2 and F3
shown in (122) and (123) are reproduced.
B Full expressions of the indices in Section 2
B.1 k = 1
The ABJM theory with the Chern-Simons level k = 1 has N = 8 supersymmetry
and the index is expanded by the su(4) characters. In the following we use su(4)
characters χ[a,b,c] = χ[a,b,c](uˆa) to write down the qˆ-expansion of the index. The
characters of the fundamental representation [1, 0, 0] and the anti-fundamental
representation [0, 0, 1] are shown in (17).
IKK = 1 + χ[1,0,0]qˆ 12 + 2χ[2,0,0]qˆ + (3χ[3,0,0] + χ[1,1,0] − χ[0,0,1])qˆ 32
+ (5χ[4,0,0] + 2χ[2,1,0] + 2χ[0,2,0] − 2χ[1,0,1] − 1)qˆ2 +O(qˆ 52 ). (137)
IABJMN=1 = 1 + χ[1,0,0]qˆ
1
2 + χ[2,0,0]qˆ + (−χ[0,0,1] + χ[3,0,0])qˆ 32
+ (−1− χ[1,0,1] + χ[4,0,0])qˆ2 + (−χ[2,0,1] + χ[5,0,0])qˆ 52
+ (2χ[0,1,0] − χ[3,0,1] + χ[6,0,0])qˆ3 + (2χ[1,1,0] − χ[4,0,1] + χ[7,0,0])qˆ 72
+ (−2− χ[1,0,1] + 2χ[2,1,0] − χ[5,0,1] + χ[8,0,0])qˆ4 +O(qˆ 92 ). (138)
IgravN=1 = (· · · terms identical to (138) · · · )
+ (χ[0,0,4] + χ[0,2,0] + χ[0,4,0] + χ[0,6,0] − χ[1,0,1] + χ[2,0,2] + 2χ[2,1,0]
+ χ[2,2,2] + χ[4,0,0] + χ[4,2,0] + χ[4,4,0] − χ[5,0,1] + χ[6,0,2] + 2χ[8,0,0]
+ χ[8,2,0] + χ[12,0,0] − 1)qˆ4 +O(qˆ 92 ). (139)
28
IABJMN=2 = 1 + χ[1,0,0]qˆ
1
2 + 2χ[2,0,0]qˆ + (−χ[0,0,1] + χ[1,1,0] + 2χ[3,0,0])qˆ 32
+ (−1 + χ[0,2,0] − 2χ[1,0,1] + χ[2,1,0] + 3χ[4,0,0])qˆ2
+ (−χ[0,1,1] − 2χ[1,0,0] + χ[1,2,0] − 3χ[2,0,1] + 2χ[3,1,0] + 3χ[5,0,0])qˆ 52
+ (χ[0,1,0] − 2χ[1,1,1] − 3χ[2,0,0] + 2χ[2,2,0] − 4χ[3,0,1] + 2χ[4,1,0] + 4χ[6,0,0])qˆ3
+ (2χ[0,0,1] − χ[0,2,1] + χ[1,0,2] + 2χ[1,1,0] + χ[1,3,0] − 3χ[2,1,1] − 4χ[3,0,0]
+ 2χ[3,2,0] − 5χ[4,0,1] + 3χ[5,1,0] + 4χ[7,0,0])qˆ 72
+ (−2 + χ[0,1,2] + χ[0,2,0] + χ[0,4,0] + 5χ[1,0,1] − 2χ[1,2,1] + χ[2,0,2] + 4χ[2,1,0]
+ χ[2,3,0] − 4χ[3,1,1] − 5χ[4,0,0] + 3χ[4,2,0] − 6χ[5,0,1] + 3χ[6,1,0] + 5χ[8,0,0])qˆ4
+ (χ[0,1,1] − χ[0,3,1] − 4χ[1,0,0] + χ[1,1,2] + 3χ[1,2,0] + χ[1,4,0]
+ 7χ[2,0,1] − 3χ[2,2,1] + 2χ[3,0,2] + 5χ[3,1,0] + 2χ[3,3,0] − 5χ[4,1,1]
− 6χ[5,0,0] + 3χ[5,2,0] − 7χ[6,0,1] + 4χ[7,1,0] + 5χ[9,0,0])qˆ 92
+ (−2χ[0,0,2] − 6χ[0,1,0] + 2χ[0,3,0] − 2χ[1,3,1] − 9χ[2,0,0] + 2χ[2,1,2]
+ 4χ[2,2,0] + 2χ[2,4,0] + 9χ[3,0,1] − 4χ[3,2,1] + 2χ[4,0,2] + 7χ[4,1,0]
+ 2χ[4,3,0] − 6χ[5,1,1] − 7χ[6,0,0] + 4χ[6,2,0] − 8χ[7,0,1] + 4χ[8,1,0]
+ 6χ[10,0,0])qˆ
5 +O(qˆ 112 ). (140)
IgravN=2 = (· · · terms identical to (140) · · · )
+ (−χ[0,0,2] − 6χ[0,1,0] + χ[0,2,2] + 2χ[0,3,0] + χ[0,4,2] − 2χ[1,3,1] − 8χ[2,0,0]
+ χ[2,0,4] + 2χ[2,1,2] + 5χ[2,2,0] + 3χ[2,4,0] + χ[2,6,0] + 9χ[3,0,1] − 4χ[3,2,1]
+ 3χ[4,0,2] + 7χ[4,1,0] + χ[4,2,2] + 2χ[4,3,0] − 6χ[5,1,1] − 6χ[6,0,0] + 5χ[6,2,0]
+ χ[6,4,0] − 8χ[7,0,1] + χ[8,0,2] + 4χ[8,1,0] + 7χ[10,0,0] + χ[10,2,0] + χ[14,0,0])qˆ5
+O(qˆ 112 ). (141)
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IABJMN=3 = 1 + χ[1,0,0]qˆ
1
2 + 2χ[2,0,0]q + (−χ[0,0,1] + χ[1,1,0] + 3χ[3,0,0])qˆ 32
+ (2χ[0,2,0] − 2χ[1,0,1] + 2χ[2,1,0] + 4χ[4,0,0] − 1)qˆ2
+ (−2χ[1,0,0] + 3χ[1,2,0] − 4χ[2,0,1] + 4χ[3,1,0] + 5χ[5,0,0])qˆ 52
+ (χ[0,0,2] + χ[0,3,0] − 3χ[1,1,1] − 5χ[2,0,0] + 6χ[2,2,0] − 5χ[3,0,1] + 5χ[4,1,0] + 7χ[6,0,0])qˆ3
+ (χ[0,0,1] − 4χ[0,2,1] + χ[1,0,2] − 3χ[1,1,0] + 4χ[1,3,0] − 4χ[2,1,1] − 8χ[3,0,0] + 8χ[3,2,0]
− 8χ[4,0,1] + 8χ[5,1,0] + 8χ[7,0,0])qˆ 72
+ (−4χ[0,2,0] + 4χ[0,4,0] + 4χ[1,0,1] − 6χ[1,2,1] + 2χ[2,0,2] − 4χ[2,1,0] + 6χ[2,3,0]
− 8χ[3,1,1] − 13χ[4,0,0] + 12χ[4,2,0] − 10χ[5,0,1] + 10χ[6,1,0] + 10χ[8,0,0] − 2)qˆ4
+ (5χ[0,1,1] − χ[0,3,1] − χ[1,0,0] + χ[1,1,2] − 4χ[1,2,0] + 6χ[1,4,0] + 10χ[2,0,1] − 12χ[2,2,1]
+ 3χ[3,0,2] − 8χ[3,1,0] + 11χ[3,3,0] − 11χ[4,1,1] − 18χ[5,0,0] + 15χ[5,2,0] − 13χ[6,0,1]
+ 13χ[7,1,0] + 12χ[9,0,0])qˆ
9
2
+ (χ[0,0,2] + 4χ[0,1,0] + 2χ[0,2,2] + 2χ[0,3,0] + 2χ[0,5,0] + 13χ[1,1,1] − 8χ[1,3,1]
− 2χ[2,0,0] + 2χ[2,1,2] − 8χ[2,2,0] + 12χ[2,4,0] + 18χ[3,0,1] − 16χ[3,2,1] + 4χ[4,0,2]
− 10χ[4,1,0] + 14χ[4,3,0] − 16χ[5,1,1] − 25χ[6,0,0] + 20χ[6,2,0] − 16χ[7,0,1]
+ 16χ[8,1,0] + 14χ[10,0,0])qˆ
5
+ (2χ[0,0,1] + 8χ[0,2,1] − 8χ[0,4,1] − χ[1,0,2] − 3χ[1,1,0] + 3χ[1,2,2] − χ[1,3,0] + 8χ[1,5,0]
+ 23χ[2,1,1] − 12χ[2,3,1] − 2χ[3,0,0] + 4χ[3,1,2] − 8χ[3,2,0] + 16χ[3,4,0] + 29χ[4,0,1]
− 24χ[4,2,1] + 5χ[5,0,2] − 15χ[5,1,0] + 20χ[5,3,0] − 20χ[6,1,1] − 32χ[7,0,0] + 24χ[7,2,0]
− 20χ[8,0,1] + 20χ[9,1,0] + 16χ[11,0,0])qˆ 112
+ (−6χ[0,1,2] − 14χ[0,2,0] + χ[0,3,2] − 4χ[0,4,0] + 7χ[0,6,0] − 10χ[1,0,1] + 17χ[1,2,1]
− 13χ[1,4,1] − 4χ[2,0,2] − 11χ[2,1,0] + 6χ[2,2,2] + 2χ[2,3,0] + 12χ[2,5,0] + 36χ[3,1,1]
− 21χ[3,3,1] − 5χ[4,0,0] + 5χ[4,1,2] − 12χ[4,2,0] + 23χ[4,4,0] + 42χ[5,0,1] − 30χ[5,2,1]
+ 7χ[6,0,2] − 18χ[6,1,0] + 25χ[6,3,0] − 27χ[7,1,1] − 41χ[8,0,0] + 30χ[8,2,0] − 23χ[9,0,1]
+ 23χ[10,1,0] + 19χ[12,0,0])qˆ
6 +O(qˆ 132 ). (142)
IgravN=3 = (· · · terms identical with (142) · · · )
+ (χ[0,0,4] − 6χ[0,1,2] − 13χ[0,2,0] + χ[0,2,4] + χ[0,3,2] − 3χ[0,4,0] + 8χ[0,6,0] + χ[0,8,0]
− 10χ[1,0,1] + 17χ[1,2,1] − 13χ[1,4,1] − 3χ[2,0,2] − 11χ[2,1,0] + 7χ[2,2,2] + 2χ[2,3,0]
+ χ[2,4,2] + 12χ[2,5,0] + 36χ[3,1,1] − 21χ[3,3,1] − 4χ[4,0,0] + χ[4,0,4] + 5χ[4,1,2]
− 11χ[4,2,0] + 24χ[4,4,0] + χ[4,6,0] + 42χ[5,0,1] − 30χ[5,2,1] + 8χ[6,0,2] − 18χ[6,1,0]
+ χ[6,2,2] + 25χ[6,3,0] − 27χ[7,1,1] − 40χ[8,0,0] + 31χ[8,2,0] + χ[8,4,0] − 23χ[9,0,1]
+ χ[10,0,2] + 23χ[10,1,0] + 20χ[12,0,0] + χ[12,2,0] + χ[16,0,0] + 1)qˆ
6 +O(q 132 ).
(143)
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B.2 k = 2
In the case of k = 2 the system still has N = 8 supersymmetry, and the index
can be expanded in terms of su(4) characters.
IABJM(0/2)N=1 = 1 + χ[2,0,0]qˆ + (−1− χ[1,0,1] + χ[4,0,0])qˆ2 +O(qˆ3). (144)
IABJM(0/2)N=2 = 1 + χ[2,0,0]qˆ + (χ[0,2,0] − χ[1,0,1] + 2χ[4,0,0])qˆ2
+ (−χ[1,1,1] − χ[2,0,0] + χ[2,2,0] − 2χ[3,0,1] + χ[4,1,0] + 2χ[6,0,0])qˆ3 +O(qˆ4).
(145)
IABJM(0/2)N=3 = 1 + χ[2,0,0]qˆ + (χ[0,2,0] − χ[1,0,1] + 2χ[4,0,0])qˆ2
+ (χ[0,0,2] − χ[1,1,1] + 2χ[2,2,0] − 2χ[3,0,1] + χ[4,1,0] + 3χ[6,0,0])qˆ3
+ (−1− χ[0,2,0] + 2χ[0,4,0] − 2χ[1,2,1] + χ[2,0,2] + χ[2,3,0] − 2χ[3,1,1]
− 2χ[4,0,0] + 4χ[4,2,0] − 4χ[5,0,1] + 2χ[6,1,0] + 4χ[8,0,0])qˆ4 +O(qˆ 92 ).
(146)
IZ2KK = 1 + χ[2,0,0]qˆ + (χ[0,2,0] − χ[1,0,1] + 2χ[4,0,0])qˆ2
+ (χ[0,0,2] − χ[1,1,1] + 2χ[2,2,0] − 2χ[3,0,1] + χ[4,1,0] + 3χ[6,0,0])qˆ3
+ (3χ[0,4,0] − 2χ[1,2,1] + 2χ[2,0,2] + χ[2,3,0] − 2χ[3,1,1] − χ[4,0,0] + 5χ[4,2,0] − 4χ[5,0,1]
+ 2χ[6,1,0] + 5χ[8,0,0])qˆ
4 +O(qˆ5). (147)
IABJM(1/2)N=1 = χ[1,0,0]qˆ
1
2 + (−χ[0,0,1] + χ[3,0,0])qˆ 32 + (−χ[2,0,1] + χ[5,0,0])qˆ 52
+ (2χ[1,1,0] − χ[4,0,1] + χ[7,0,0])qˆ 72
+ (−χ[0,1,1] − 3χ[1,0,0] − χ[2,0,1] + 2χ[3,1,0] − χ[6,0,1] + χ[9,0,0])qˆ 92 +O(qˆ 112 ).
(148)
Igrav(1/2)N=1 = (· · · terms identical with (148) · · · )
+ (−χ[0,1,1] − χ[0,3,1] − 3χ[1,0,0] − χ[2,0,1] − χ[3,0,2]
+ 2χ[3,1,0] − χ[3,3,0] − χ[5,2,0] − χ[6,0,1])qˆ 92 +O(qˆ 112 ). (149)
31
IABJM(1/2)N=2 = χ[2,0,0]qˆ + (−χ[1,0,1] + χ[2,1,0] + χ[4,0,0])qˆ2
+ (−χ[1,1,1] − χ[2,0,0] + χ[2,2,0] − 2χ[3,0,1] + χ[4,1,0] + 2χ[6,0,0])qˆ3
+ (χ[0,2,0] + 2χ[1,0,1] − χ[1,2,1] + χ[2,0,2] + χ[2,1,0] + χ[2,3,0] − 2χ[3,1,1]
− 2χ[4,0,0] + χ[4,2,0] − 3χ[5,0,1] + 2χ[6,1,0] + 2χ[8,0,0])qˆ4
+ (−χ[0,0,2] − 2χ[0,1,0] + χ[0,3,0] + χ[1,1,1] − χ[1,3,1] − 3χ[2,0,0] + χ[2,1,2]
+ 2χ[2,2,0] + χ[2,4,0] + 4χ[3,0,1] − 2χ[3,2,1] + χ[4,0,2] + 3χ[4,1,0] + χ[4,3,0]
− 3χ[5,1,1] − 3χ[6,0,0] + 2χ[6,2,0] − 4χ[7,0,1] + 2χ[8,1,0] + 3χ[10,0,0])qˆ5
+ (−χ[0,1,2] − 2χ[0,2,0] + χ[0,4,0] − χ[1,2,1] − χ[1,4,1] − 3χ[2,0,2] − 9χ[2,1,0]
+ χ[2,2,2] + 2χ[2,3,0] + χ[2,5,0] − 2χ[3,3,1] − 7χ[4,0,0] + χ[4,1,2] + 4χ[4,2,0]
+ χ[4,4,0] + 6χ[5,0,1] − 3χ[5,2,1] + 2χ[6,0,2] + 4χ[6,1,0] + 2χ[6,3,0]
− 4χ[7,1,1] − 4χ[8,0,0] + 2χ[8,2,0] − 5χ[9,0,1] + 3χ[10,1,0] + 3χ[12,0,0] + 1)qˆ6
+O(qˆ 132 ). (150)
Igrav(1/2)N=2 = (· · · terms identical with (150) · · · )
+ (−χ[0,0,4] − χ[0,1,2] − 2χ[0,2,0] + χ[0,4,0] − χ[0,6,0] − 2χ[1,2,1] − χ[1,4,1]
− 3χ[2,0,2] − 9χ[2,1,0] + 2χ[2,3,0] + χ[2,5,0] − 3χ[3,3,1]− 8χ[4,0,0] + 4χ[4,2,0]
+ 6χ[5,0,1] − 3χ[5,2,1] + χ[6,0,2] + 4χ[6,1,0] + χ[6,3,0] − 4χ[7,1,1]
− 4χ[8,0,0] + χ[8,2,0] − 5χ[9,0,1] + 3χ[10,1,0] + 2χ[12,0,0] + 1)qˆ6 +O(qˆ 132 ).
(151)
32
IABJM(1/2)N=3 = χ[3,0,0]qˆ
3
2 + (χ[1,2,0] − χ[2,0,1] + χ[3,1,0] + χ[5,0,0])qˆ 52
+ (−χ[0,2,1] − χ[1,1,0] + χ[1,3,0] − χ[2,1,1] − χ[3,0,0]
+ 2χ[3,2,0] − 2χ[4,0,1] + 2χ[5,1,0] + 2χ[7,0,0])qˆ 72
+ (χ[0,1,1] − χ[1,2,0] + χ[1,4,0] + χ[2,0,1] − 3χ[2,2,1] + χ[3,0,2] − 2χ[3,1,0]
+ 3χ[3,3,0] − 3χ[4,1,1] − 3χ[5,0,0] + 4χ[5,2,0] − 3χ[6,0,1] + 3χ[7,1,0] + 3χ[9,0,0])qˆ 92
+ (χ[0,0,1] + 2χ[0,2,1] − 2χ[0,4,1] + χ[1,0,2] + χ[1,1,0] + χ[1,2,2] + 2χ[1,5,0]
+ 5χ[2,1,1] − 3χ[2,3,1] + χ[3,1,2] − 2χ[3,2,0] + 4χ[3,4,0] + 4χ[4,0,1]
− 6χ[4,2,1] + χ[5,0,2] − 4χ[5,1,0] + 5χ[5,3,0] − 5χ[6,1,1] − 6χ[7,0,0]
+ 6χ[7,2,0] − 5χ[8,0,1] + 5χ[9,1,0] + 4χ[11,0,0])qˆ 112
+ (−χ[0,0,3] − 5χ[0,1,1] + 2χ[0,3,1] − χ[0,5,1] − 2χ[1,0,0] − 2χ[1,1,2]
− 5χ[1,2,0] + χ[1,3,2] + 3χ[1,6,0] − 2χ[2,0,1] + 7χ[2,2,1] − 6χ[2,4,1]
− χ[3,1,0] + 2χ[3,2,2] + 5χ[3,5,0] + 12χ[4,1,1] − 7χ[4,3,1] + 2χ[5,1,2]
− 3χ[5,2,0] + 7χ[5,4,0] + 10χ[6,0,1] − 10χ[6,2,1] + 2χ[7,0,2]
− 6χ[7,1,0] + 8χ[7,3,0] − 8χ[8,1,1] − 10χ[9,0,0] + 9χ[9,2,0]
− 7χ[10,0,1] + 7χ[11,1,0] + 5χ[13,0,0])qˆ 132
+ (2χ[0,0,1] + 3χ[0,4,1] − 3χ[0,6,1] + χ[1,0,2] + 3χ[1,1,0] − 4χ[1,2,2] − 9χ[1,3,0]
+ χ[1,4,2] + χ[1,5,0] + 3χ[1,7,0] − 2χ[2,0,3] − 13χ[2,1,1] + 8χ[2,3,1] − 6χ[2,5,1]
− 4χ[3,0,0] − 7χ[3,1,2] − 17χ[3,2,0] + 3χ[3,3,2] + χ[3,4,0] + 7χ[3,6,0] − 11χ[4,0,1]
+ 14χ[4,2,1] − 12χ[4,4,1] − 3χ[5,0,2] − 10χ[5,1,0] + 4χ[5,2,2] + χ[5,3,0] + 9χ[5,5,0]
+ 21χ[6,1,1] − 12χ[6,3,1] − 2χ[7,0,0] + 3χ[7,1,2] − 4χ[7,2,0] + 11χ[7,4,0]
+ 18χ[8,0,1] − 15χ[8,2,1] + 3χ[9,0,2] − 9χ[9,1,0] + 12χ[9,3,0] − 12χ[10,1,1]
− 15χ[11,0,0] + 12χ[11,2,0] − 9χ[12,0,1] + 9χ[13,1,0] + 7χ[15,0,0])qˆ 152 +O(qˆ8).
(152)
Igrav(1/2)N=3 = (· · · terms identical with (152) · · · )
+ (2χ[0,0,1] − χ[0,3,3] + 3χ[0,4,1] − 3χ[0,6,1] + 3χ[1,1,0] − 4χ[1,2,2]
− 10χ[1,3,0] + χ[1,5,0] + 3χ[1,7,0] − 3χ[2,0,3] − 13χ[2,1,1] + 7χ[2,3,1]
− 7χ[2,5,1] − 4χ[3,0,0] − χ[3,0,4] − 8χ[3,1,2] − 18χ[3,2,0] + 2χ[3,3,2]
+ χ[3,4,0] + 6χ[3,6,0] − 11χ[4,0,1] − χ[4,1,3] + 13χ[4,2,1] − 12χ[4,4,1]
− 3χ[5,0,2] − 11χ[5,1,0] + 2χ[5,2,2] + χ[5,3,0] + 8χ[5,5,0] + 21χ[6,1,1]
− 13χ[6,3,1] − 3χ[7,0,0] + 2χ[7,1,2] − 4χ[7,2,0] + 10χ[7,4,0] + 18χ[8,0,1]
− 15χ[8,2,1] + 2χ[9,0,2] − 9χ[9,1,0] + 11χ[9,3,0] − 12χ[10,1,1] − 15χ[11,0,0]
+ 11χ[11,2,0] − 9χ[12,0,1] + 9χ[13,1,0] + 6χ[15,0,0])qˆ 152 +O(qˆ 172 ). (153)
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B.3 k = 3
If k ≥ 3 the supersymmetry is N = 6. Correspondingly, the R-symmetry is
so(6) = su(4), and after the choice of the complex supercharge Qˆ the manifest
symmetry becomes so(2)× so(4) = u(1)× su(2)1 × su(2)2. Correspondingly, we
define fugacities u, u′, and u′′ for u(1), su(2)1, and su(2)2 by
uˆ1 = uu
′, uˆ2 = uu
′−1, uˆ1 = u
−1u′′, uˆ2 = u
−1u′′−1. (154)
In the following we use the so(4) characters χa,b ≡ χa(u′)χb(u′′).
IABJM(0/3)N=1 = 1 + χ1,1qˆ + (u−3χ0,3 + u3χ3,0)qˆ
3
2
+ (−2− χ0,2 − χ2,0 + χ2,2)qˆ2 +O(qˆ 52 ). (155)
IABJM(0/3)N=2 = 1 + χ1,1qˆ + (u−3χ0,3 + u3χ3,0)qˆ
3
2 + (−χ0,2 − χ2,0 + 2χ2,2)qˆ2
+ (2u−3χ1,4 + 2u
3χ4,1)qˆ
5
2
+ (u−6(χ0,2 + 2χ0,6)− 2χ1,1 − χ1,3 − χ3,1 + 3χ3,3
+ u6(χ2,0 + 2χ6,0))qˆ
3 +O(qˆ 72 ). (156)
IABJM(0/3)N=3 = 1 + χ1,1qˆ + (u3χ3,0 + u−3χ0,3)qˆ
3
2 + (−χ0,2 − χ2,0 + 2χ2,2)qˆ2
+ 2(u3χ4,1 + u
−3χ1,4)qˆ
5
2
+ (u6(χ2,0 + 2χ6,0)− χ1,3 − χ3,1 + 4χ3,3 + u−6(χ0,2 + 2χ0,6))qˆ3
+ (u3(−χ1,0 + χ1,2 − χ3,0 − χ5,0 + 4χ5,2)
+ u−3(−χ0,1 − χ0,3 − χ0,5 + χ2,1 + 4χ2,5))qˆ 72
+ (u6(χ3,1 + χ5,1 + 4χ7,1)− 1 + χ0,4 − 3χ2,2 − χ2,4 + χ4,0 − χ4,2
+ 7χ4,4 + u
−6(χ1,1 + χ1,1 + χ1,3 + χ1,5 + 4χ1,7))qˆ
4 +O(qˆ 92 ).
(157)
IZ3KK = 1 + χ1,1qˆ + (u3χ3,0 + u−3χ0,3)qˆ
3
2 + (−χ0,2 − χ2,0 + 2χ2,2)qˆ2
+ 2(u3χ4,1 + u
−3χ1,4)qˆ
5
2
+ (u6(χ2,0 + 2χ6,0)− χ1,3 − χ3,1 + 4χ3,3 + u−6(χ0,2 + 2χ0,6))qˆ3
+ (u3(−χ1,0 + χ1,2 − χ3,0 − χ5,0 + 4χ5,2)
+ u−3(−χ0,1 − χ0,3 − χ0,5 + χ2,1 + 4χ2,5))qˆ 72
+ (+u6(χ1,1 + χ3,1 + χ5,1 + 4χ7,1) + χ0,4 − χ2,2 − χ2,4 + χ4,0
− χ4,2 + 8χ4,4 + 1 + u−6(χ1,1 + χ1,3 + χ1,5 + 4χ1,7))qˆ4 +O(qˆ 92 ). (158)
34
IABJM(1/3)N=1 = uχ1,0qˆ
1
2 + u−2χ0,2qˆ + u(χ2,1 − χ0,1)qˆ 32
+
(
u4χ4,0 − u−2χ1,1 + u−2χ1,3
)
qˆ2 +O(qˆ 52 ). (159)
Igrav(1/3)N=1 = (· · · terms identical with (159) · · · )
+
(
u4χ4,0 − u−2χ1,1 + u−2χ1,3 − u−8χ0,2 − u−8χ0,6
)
qˆ2 +O(qˆ 52 ). (160)
IABJM(1/3)N=2 = u2χ2,0qˆ + u−1χ1,2qˆ
3
2 +
(
u2χ3,1 + u
−4χ0,4 + u
−4
)
qˆ2
+
(
u5χ3,0 + u
5χ5,0 − u−1χ0,1 + 2u−1χ2,3
)
qˆ
5
2
+
(
2u−4χ1,5 − u2χ2,0 − u2χ2,2 − u2χ4,0 + 3u2χ4,2 − u2
)
qˆ3 +O(qˆ 72 ).
(161)
Igrav(1/3)N=2 = (· · · terms identical with (161) · · · )
+ (2u−4χ1,5 − u2χ2,0 − u2χ2,2 − u2χ4,0 + 3u2χ4,2 − u2
− u−10χ0,4 − u−10χ0,8 − u−10)qˆ3 +O(qˆ 72 ). (162)
IABJM(1/3)N=3 = u3χ3,0qˆ
3
2 + χ2,2qˆ
2 +
(
u3χ0,1 + u
3χ4,1 + u
−3χ1,0 + u
−3χ1,4
)
qˆ
5
2
+
(
u6χ2,0 + u
6χ4,0 + u
6χ6,0 + u
−6χ0,2 + u
−6χ0,6 + χ1,3 + 2χ3,3
)
qˆ3
+
(−u3χ1,0 − u3χ3,0 + u3χ3,2 − u3χ5,0 + 3u3χ5,2
+u−3χ2,1 + u
−3χ2,3 + 3u
−3χ2,5
)
qˆ
7
2
+
(
u6χ3,1 + u
6χ5,1 + 2u
6χ7,1 + 2u
−6χ1,3 + u
−6χ1,5 + 2u
−6χ1,7 − 2χ0,2
+χ0,4 − χ2,0 − 3χ2,2 + 2χ4,0 + 5χ4,4 − 1) qˆ4 +O(qˆ 92 ). (163)
Igrav(1/3)N=3 = (· · · terms identical with (163) · · · )
+
(
u6χ3,1 + u
6χ5,1 + 2u
6χ7,1 + 2u
−6χ1,3 + u
−6χ1,5 + 2u
−6χ1,7 − 2χ0,2
+ χ0,4 − χ2,0 − 3χ2,2 + 2χ4,0 + 5χ4,4 − 1
−u−12χ0,2 − u−12χ0,6 − u−12χ0,10
)
qˆ4 +O(qˆ 92 ). (164)
C Technical remarks on superconformal repre-
sentations
To calculate the index of superconformal representations we mainly followed the
procedure proposed in [24]. In the expansion in subsection 3.3 the D-type and
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B-type representations appear. We used in the main text the notations in [19].
They correspond to those used in [24] as follows.
D[a, b] = D1[0, 0, 0](b,a)2a+2b, B[a, b]n = Bℓ[0, n, 0](b,a)n+2a+2b+4 (165)
where ℓ is the level of the primary null state. It is ℓ = 3 for n = 0 and ℓ = 1 for
n ≥ 1.
The Series of representations D[m, 0] (m = 1, 2, 3, . . .) appear in the Kaluza-
Klein spectrum in AdS7 × S4, and have been well studied. The superconformal
index of each of them is6
D[m, 0] = χ
uˇ
mqˇ
2m − χuˇm−1χ(0,1)qˇ2m+
2
3 + χuˇm−2χ(1,0)qˇ
2m+ 4
3 − χuˇm−3qˇ2m+2
(1− qˇ 43 yˇ1)(1− qˇ 43 yˇ2)(1− qˇ 43 yˇ3)
(166)
The index of the free tensor multiplet (100) is obtained by setting m = 1, and
the single-particle index of Kaluza-Klein modes (83) is obtained by summing up
(166) over m ∈ Z≥1. For m = 1 (free tensor multiplet) and m = 2 (stress tensor
multiplet) some RS trial states have negative coefficients. They are interpreted
as equations of motion and conservation laws.
Other D-type representations appearing in the expansion are
D[0, 4] = qˇ8 − χuˇ1χ[0,1]qˇ
26
3 + (χ[0,2] + χ[1,0] + χ
uˇ
2χ[1,0])qˇ
28
3
− (χuˇ1 + χuˇ3 + 2χuˇ1χ[1,1])qˇ10 +O(qˇ
32
3 ), (167)
D[1, 4] = χuˇ1 qˇ10 +O(qˇ
32
3 ), (168)
D[3, 2] = χuˇ3 qˇ10 +O(qˇ
32
3 ). (169)
For D[0, 4] and D[1, 4] the RS procedure works well, and we obtain no RS trial
weights with negative coefficients. For D[3, 2] we obtain many weights with neg-
ative coefficients. In [24] it is proposed that such weights should be simply elimi-
nated. However, we found that this procedure gives xˇ-dependent result. Namely,
the elimination spoils the Bose-Fermi degeneracy of states with ∆ˇ 6= 0. Fortu-
nately the elimination affects terms of order qˇ12 or higher, and the lowest order
of the xˇ-dependent terms is qˇ
38
3 . Therefore, we expect the term shown in (169)
is correct.
The B-type representation appearing in the expansion is
B[2, 0]0 = χuˇ2χ[1,0]qˇ
28
3 − (χuˇ1 + χuˇ1χ[1,1] + χuˇ3χ[1,1])qˇ10 +O(qˇ
32
3 ). (170)
For this representation we obtain many weights with negative coefficients. We
again found that the elimination of them causes the xˇ-dependence of the result.
The elimination affects the terms of order qˇ10 or higher, and the xˇ-dependence
6For D[1, 0] and D[2, 0] we use the definitions χuˇ−1 = 0 and χuˇ−2 = −1.
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appears at qˇ
32
3 . (170) is the index after the elimination. Fortunately, terms shown
in (170) do not depend on xˇ.
We also calculated (170) in another way. For n ≥ 1 the primary null state
of B[2, 0]n appears at level ℓ = 1, and the procedure is much simpler than the
case of n = 0 for which the level of the primary null state is ℓ = 3. The RS
procedure works well for such representations and all generated weights have
positive coefficients. To obtain B[2, 0]0 we simply substitute n = 0 in the general
formula for n ≥ 1. Although we have no justification for this “continuation,”
this kind of continuation reproduces correct results in many cases. Indeed, we
obtained the result whose first few terms agree with (170), and this strongly
suggests the correctness of (170).
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